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HAMILTONIAN CIRCLE ACTIONS WITH ISOLATED
FIXED POINTS
HUI LI
Abstract. Let the circle act in a Hamiltonian fashion on a compact
symplectic manifold (M,ω) of dimension 2n. Then the S1-action has at
least n+ 1 fixed points. We consider the cases when the fixed point set
consists of precisely n+ 1 and n+2 isolated points. We find equivalent
conditions on the first Chern class of M and the largest weight of the
S1-action at the fixed points. For two interesting cases, we show that the
largest weight can completely determine the integral cohomology ring of
M , the total Chern class of M , and the sets of weights of the S1-action
at all the fixed points. We will see that all these data are isomorphic
to those of known examples, CPn or G˜2(R
n+2), equipped with standard
circle actions.
1. Introduction
Let the circle act on a compact 2n-dimensional symplectic manifold (M,ω)
with moment map φ. The moment map φ is a perfect Morse-Bott function
with critical set being the fixed point set MS
1
of the S1-action. Since the
even Betti numbers of M , b2i(M) ≥ 1 for all 0 ≤ 2i ≤ 2n, M
S1 contains at
least n + 1 points. When MS
1
consists of exactly n+ 1 isolated points, we
say that the action has minimal isolated fixed points; when MS
1
consists
of exactly n+2 isolated points, we say that the action has almost minimal
isolated fixed points.
Known examples of compact Hamiltonian S1-manifolds with minimal iso-
lated fixed points are CPn, and G˜2(R
n+2) with n ≥ 3 odd, see Examples 3.1
and 3.2. Known examples of compact Hamiltonian S1-manifolds with al-
most minimal isolated fixed points are G˜2(R
n+2) with n ≥ 2 even, see Ex-
ample 4.1.
When a manifold admits a group action, the geometry and topology of the
manifold and the group action have constraints on each other. In this paper,
in the context of Hamiltonian S1-actions on compact symplectic manifolds
with minimal and almost minimal isolated fixed points, we study the inter-
play between the geometry and topology of the symplectic manifolds and
the S1-actions.
Key words and phrases. Symplectic manifold, Hamiltonian circle action, equivariant
cohomology, Chern classes, Ka¨hler manifold, biholomorphism, symplectomorphism.
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For a symplectic S1-manifold (M,ω) of dimension 2n with isolated fixed
points, a neighborhood of each fixed point P is S1-equivariantly diffeomor-
phic to a neighborhood of the tangent space at P with an S1-linear action.
The tangent space at P splits into n copies of C, on each of which S1 acts
by multiplication by λwi , where λ ∈ S1 and wi ∈ Z for i = 1, · · · , n. The
integers wi’s are well defined, and are called the weights of the S
1-action at
P . In the set of all the weights at all the fixed points, the largest positive
weight is called the largest weight at the fixed points on M .
For a compact Hamiltonian S1-manifold (M,ω) with moment map φ, if
[ω] ∈ H2(M) is an integral class, then for any two fixed points P and Q, we
have φ(P )−φ(Q) ∈ Z; if w is a weight of the S1-action at a fixed point, then
there exist fixed points P and Q such that w|
(
φ(P )−φ(Q)
)
(see Lemma 2.2).
The topologic and geometric data we concern are the integral cohomology
ring and total Chern class of the manifold, and the data on the circle action
we concern are the sets of weights at the fixed points. The first Chern class
of the manifold is an important data, especially when the manifold is Ka¨hler,
in certain cases, it can determine the biholomorphism type of the manifold.
First, we consider the case when the action has minimal isolated fixed
points. By Lemma 3.3, we may denote MS
1
= {P0, P1, · · · , Pn}, where the
point Pi has Morse index 2i for each i, and we have
φ(P0) < φ(P1) < · · · < φ(Pn).
Our first main result gives equivalent conditions on the first Chern class
c1(M) and the largest weight of the S
1-action at the fixed points. Note that
in the following two cases, these data respectively coincide with those in
Examples 3.1 and 3.2.
Theorem 1.1. Let the circle act on a compact 2n-dimensional symplectic
manifold (M,ω) with moment map φ : M → R. Assume [ω] is an integral
class and MS
1
= {P0, P1, · · · , Pn}. Then c1(M) = (n + 1)[ω] if and only
if φ(Pn) − φ(P0) is the largest weight of the S
1-action at the fixed points;
c1(M) = n[ω] if and only if φ(Pn−1)− φ(P0) = φ(Pn)− φ(P1) is the largest
weight of the S1-action at the fixed points.
In the two cases of the largest weights, we obtain Theorems 1.2 and 1.3.
Theorem 1.2 follows from Propositions 7.8, 8.1 and 8.7. Theorem 1.3 follows
from Propositions 9.10, 10.1 and 10.10.
Theorem 1.2. Let the circle act on a compact 2n-dimensional symplectic
manifold (M,ω) with moment map φ : M → R. Assume [ω] is an integral
class and MS
1
= {P0, P1, · · · , Pn}. If φ(Pn) − φ(P0) is a weight of the
S1-action at a fixed point, then all the following are true.
(1) The integral cohomology ring of M is isomorphic to that of CPn.
(2) The total Chern class of M is isomorphic to that of CPn.
(3) The sets of weights of the S1-action at all the fixed points on M
are isomorphic to those of a standard circle action on CPn (as in
Example 3.1).
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Theorem 1.3. Let the circle act on a compact 2n-dimensional symplectic
manifold (M,ω) with moment map φ : M → R. Assume [ω] is an integral
class and MS
1
= {P0, P1, · · · , Pn}. If φ(Pn−1) − φ(P0) = φ(Pn) − φ(P1) is
the largest weight of the S1-action at the fixed points, then n ≥ 3 is odd, and
all the following are true.
(1) The integral cohomology ring ofM is isomorphic to that of G˜2(R
n+2).
(2) The total Chern class of M is isomorphic to that of G˜2(R
n+2).
(3) The sets of weights of the S1-action at all the fixed points on M are
isomorphic to those of a standard circle action on G˜2(R
n+2) (as in
Example 3.2).
Next, we consider the case when the action has almost minimal isolated
fixed points. By Lemma 4.2, n ≥ 2 must be even, and we may denote
MS
1
=
{
P0, · · · , Pn
2
−1, Pn
2
, P(n
2
)′ , Pn
2
+1, · · · , Pn
}
,
where the point Pi has Morse index 2i for each i, and the point P(n
2
)′ has
Morse index n. Moreover,
φ(P0) < · · · < φ(Pn
2
−1) < φ(Pn
2
) ≤ φ(P(n
2
)′) < φ(Pn
2
+1) < · · · < φ(Pn).
We obtain the following equivalent condition on c1(M) and the largest weight
of the S1-action at all the fixed points. Note that these data are the same
as in Example 4.1.
Theorem 1.4. Let the circle act on a compact 2n-dimensional symplectic
manifold (M,ω) with moment map φ : M → R. Assume [ω] is an integral
class and MS
1
=
{
P0, · · · , Pn
2
−1, Pn
2
, P(n
2
)′ , Pn
2
+1, · · · , Pn
}
. Then c1(M) =
n[ω] if and only if φ(Pn−1)− φ(P0) = φ(Pn)− φ(P1) is the largest weight of
the S1-action at the fixed points. In dimension 4, for the “if” part to hold,
ω needs to be chosen suitably.
In the above case of largest weight, we obtain Theorem 1.5, which follows
from Propositions 11.4, 12.17 and 12.18.
Theorem 1.5. Let the circle act on a compact 2n-dimensional symplectic
manifold (M,ω) with moment map φ : M → R. Assume [ω] is an integral
class and MS
1
=
{
P0, · · · , Pn
2
−1, Pn
2
, P(n
2
)′ , Pn2+1, · · · , Pn
}
. Then n ≥ 2
must be even. If φ(Pn−1) − φ(P0) = φ(Pn) − φ(P1) is the largest weight of
the S1-action at the fixed points, then all the following are true.
(1) The integral cohomology ring ofM is isomorphic to that of G˜2(R
n+2).
(2) The total Chern class of M is isomorphic to that of G˜2(R
n+2).
(3) The sets of weights of the S1-action at all the fixed points on M are
isomorphic to those of a standard circle action on G˜2(R
n+2) (as in
Example 4.1).
Clearly, if we know the total Chern class of M , we know the first Chern
class of M ; if we know the sets of weights of the S1-action at all the fixed
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points, we know the largest weight of the S1-action at all the fixed points.
Hence, the above theorems give a few equivalent conditions. It would be
interesting to show that if the integral cohomology ring of M is isomorphic
to that of CPn or G˜2(R
n+2), then we can know one of the other conditions
appeared in the theorems. This is closely related to Petrie’s conjecture
([16]), which states that if a homotopy complex projective space X admits
a nontrivial circle action, then the total Pontryagin class of X is isomorphic
to that of CPn, i.e., p(X) ∼= p(CPn), where n = dimX. Let (M,ω) be
a compact Hamiltonian S1-manifold of dimension 2n with isolated fixed
points, by [9], M is simply connected. Furthermore, if M has the integral
cohomology ring of CPn, then M is homotopy equivalent to CPn. Moreover,
by Morse theory, this cohomology ring of M implies that the S1-action has
precisely n + 1 fixed points. Hence Petrie’s conjecture, in one case, can be
stated as follows:
Conjecture 1. Let (M,ω) be a compact symplectic manifold whose integral
cohomology ring is isomorphic to that of CPn. If M admits a Hamilton-
ian S1-action with isolated fixed points, then the total Chern class of M is
isomorphic to that of CPn, i.e., c(M) ∼= c(CPn).
Hence, in Theorem 1.2, if starting from condition (1), i.e., H∗(M ;Z) ∼=
H∗(CPn;Z) as rings, we can get c1(M) = (n+1)[ω] or the largest weight is
φ(Pn)−φ(P0), then we can prove Conjecture 1 holds. Based on the positive
evidence on the conjecture through this work, we similarly pose the following
conjecture:
Conjecture 2. Let (M,ω) be a compact symplectic manifold whose integral
cohomology ring is isomorphic to that of G˜2(R
n+2). If M admits a Hamil-
tonian S1-action with isolated fixed points, then the total Chern class of M
is isomorphic to that of G˜2(R
n+2), i.e., c(M) ∼= c
(
G˜2(R
n+2)
)
.
The method and techniques we develope, and the results we obtain in
this paper, besides standing on their own interests, we hope will also help to
solve these conjectures and help to deal with more general related problems.
Now let us look at our work and related works in the literature. In [4], for
a compact almost complex S1-manifoldM of dimension 2n with n+1 isolated
fixed points, Hattori uses equivariant K-theory and equivariant cohomology
to show that if c1(M) = (n + 1)x or c1(M) = nx for some x ∈ H
2(M ;Z),
then the sets of weights at the fixed points are respectively isomorphic to
those of a standard circle action on CPn, or on G˜2(R
n+2) with n ≥ 3 odd.
For the case when there are n+2 isolated fixed points, with additional con-
ditions, he shows that if c1(M) = nx, then the sets of weights at the fixed
points are isomorphic to those of a standard circle action on G˜2(R
n+2) with
n ≥ 2 even. In [17], for a compact Hamiltonian S1-manifold (M,ω) of di-
mension 2n with n+ 1 isolated fixed points, Tolman shows that the sets of
weights at all the fixed points determine the integral cohomology ring and
total Chern class ofM . In this paper, for compact Hamiltonian S1-manifolds
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(M,ω) of dimension 2n with n + 1 and n + 2 isolated fixed points, using
techniques for symplectic (Hamiltonian) S1-manifolds, we prove equivalence
of the conditions on c1(M) and on the largest weight of the S
1-action at the
fixed points; and starting from the single largest weight, we directly deter-
mine the generators and relations of the integral cohomology ring structure
of M , find the sets of weights of the S1-action at all the fixed points, and
give constructive proof on the total Chern class of M . In particular, for the
case of n+ 1 fixed points, we determine the integral cohomology ring of M
before we know the sets of weights at all the fixed points. Our methods of
proofs emphasize on demonstrating the close and direct relations between
the largest weight and all the other data, c1(M), c(M), the ring H
∗(M ;Z),
and the sets of weights at all the fixed points. I expect that our approach
will be useful for solving Conjectures 1 and 2.
Recent works on compact Hamiltonian S1-manifolds with fixed point set
minimal or almost minimal in a certain sense include [17, 14, 13, 10, 11, 12,
3]. These works deal with manifolds of dimensions no bigger than 8 or the
number of fixed point set components no bigger than 3.
Using a theorem by Kobayashi and Ochiai [6], in [10, Prop. 4.2 and
Sec. 5], we prove the following facts: Let (M,ω, J) be a compact Ka¨hler
manifold of complex dimension n, which admits a holomorphic Hamiltonian
circle action. Assume that [ω] is an integral class. If c1(M) = (n + 1)[ω],
then M is S1-equivariantly biholomorphic and symplectomorphic to CPn,
and if c1(M) = n[ω], then M is S
1-equivariantly biholomorphic and sym-
plectomorphic to G˜2(R
n+2). Hence, for the case of Ka¨hler manifolds, when
the S1-action has minimal and almost minimal isolated fixed points, our
theorems imply that, we may use c1(M) or the largest weight to determine
uniquely the manifold in the complex and symplectic categories.
The paper is organized as follows. In Section 2, we present preliminary
materials for the whole paper. In Sections 3 and 4, we respectively give
examples of Hamiltonian S1-manifolds with minimal and almost minimal
isolated fixed points, state and prove preliminary and key facts for the cor-
responding case. In Section 5, we study the relation between the first Chern
class of the manifold and the largest weight of the S1-action at the fixed
points, and prove Theorems 1.1 and 1.4. In Section 6, we prove certain
properties of the weights of the S1-action at the fixed points. We will use
these properties in the next sections. In Section 7, for the case of minimal
isolated fixed points, when φ(Pn)−φ(P0) is the largest weight, we determine
the integral cohomology ring of the manifold. In Section 8, for the case just
mentioned, we determine the sets of weights of the S1-action at all the fixed
points, and the total Chern class of the manifold. In Section 9, for the case
of minimal isolated fixed points, when φ(Pn−1)− φ(P0) = φ(Pn)− φ(P1) is
the largest weight, we determine the integral cohomology ring of the man-
ifold. In Section 10, for the case just mentioned, we determine the sets of
weights of the S1-action at all the fixed points, and the total Chern class of
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the manifold. In Section 11, for the case of almost minimal isolated fixed
points, when φ(Pn−1) − φ(P0) = φ(Pn) − φ(P1) is the largest weight, we
determine the sets of weights of the S1-action at all the fixed points. In Sec-
tion 12, for the case just mentioned, we determine the integral cohomology
ring and total Chern class of the manifold.
2. Preliminaries
In this section, we review equivariant cohomology, state and prove certain
facts for compact Hamiltonian S1-manifolds. We will use them in the proof
of our main theorems.
Let us first introduce equivariant cohomology. Let M be a smooth S1-
manifold. The equivariant cohomology of M in a coefficient ring R is
H∗
S1
(M ;R) = H∗(S∞ ×S1 M ;R), where S
1 acts on S∞ freely. If p is a
point, then H∗
S1
(p;R) = H∗(CP∞;R) = R[t], where t ∈ H2(CP∞;R) is
a generator. If S1 acts on M trivially, i.e., it fixes M , then H∗
S1
(M ;R) =
H∗(M ;R)⊗R[t] = H∗(M ;R)[t]. The projection map pi : S∞×S1M → CP
∞
induces a pull back map
pi∗ : H∗(CP∞)→ H∗S1(M),
so H∗
S1
(M) is an H∗(CP∞)-module.
Let (M,ω) be a compact symplectic manifold. There exists an almost
complex structure J : TM → TM which is compatible with ω, i.e., ω(J(·), ·)
is a Riemannian metric. The space of compatible almost complex structures
on (M,ω) is contractible, hence there is well defined total Chern class
c(M) = 1 + c1(M) + · · ·+ cn(M) ∈ H
∗(M ;Z),
where ci(M) ∈ H
2i(M ;Z) is the i-th Chern class of M . Similarly, if (M,ω)
is a compact symplectic S1-manifold (the action preserves the symplectic
form ω), on the normal bundle of each connected component F of the fixed
point set, there is a well defined set of nonzero integers, called the (nonzero)
weights of the action. Moreover, the normal bundle of M at F natu-
rally splits into complex line bundles, one line bundle corresponding to one
weight. If (M,ω) is a compact Hamiltonian S1-manifold with moment map
φ : M → R, then the map φ is a perfect Morse-Bott function, and its crit-
ical set coincides with the fixed point set of the action. At each connected
component F of the fixed point set, the negative normal bundle of F is the
sub-bundle with negative weights; if λF is the number of negative weights at
F , counted with multiplicities, then the Morse index of F is 2λF, which
is the dimension of the negative normal bundle to F . Similarly, the Morse
coindex of F is 2λ+F , where λ
+
F is the number of positive weights at F .
Let (M,ω) be a compact 2n-dimensional symplectic S1-manifold. Assume
the fixed points are isolated. Let P be a fixed point, and let {w1, · · · , wn}
be the set of weights at P . We denote the equivariant total Chern class
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of M as
cS
1
(M) = 1 + cS
1
1 (M) + · · ·+ c
S1
n (M) ∈ H
∗
S1(M ;Z),
where cS
1
i (M) ∈ H
2i
S1
(M ;Z) is the i-th equivariant Chern class of M . The
restriction of cS
1
(M) to P is
cS
1
(M)|P = 1 +
n∑
i=1
cS
1
i (M)|P = 1 +
n∑
i=1
σi(w1, · · · , wn)t
i,
where σi(w1, · · · , wn) is the i-th symmetric polynomial in the weights at P .
Next we state and prove some basic results. First, the symplectic class [ω]
of a Hamiltonian S1-manifold can be extended to an equivariant cohomology
class u˜:
Lemma 2.1. [13, Lemma 2.7] Let the circle act on a compact symplectic
manifold (M,ω) with moment map φ : M → R. Then there exists u˜ =
[ω − φt] ∈ H2
S1
(M ;R) such that for any fixed point set component F ,
u˜|F = [ω|F ]− φ(F )t.
If [ω] is an integral class, then u˜ is an integral class.
For an S1-manifoldM , when there exists a finite stabilizer group Zk ⊂ S
1,
where k > 1, the set of points, MZk , which is fixed by Zk but not fixed by
S1, is called a Zk-isotropy submanifold. If a Zk-isotropy submanifold is
a sphere, it is called a Zk-isotropy sphere. For k = 1, we denote Z1 = 1,
and we regard MZ1 =M .
Lemma 2.2. Let the circle act on a connected compact symplectic manifold
(M,ω) with moment map φ : M → R. Assume [ω] is an integral class. Then
for any two fixed point set components F and F ′, φ(F ) − φ(F ′) ∈ Z. If Zk
is the stabilizer group of some point on M , then for any two fixed point set
components F and F ′ on the same connected component of MZk , we have
k | (φ(F ′)− φ(F )).
Proof. Since M is compact, the action has at least two fixed components.
Since [ω] is integral, by Lemma 2.1, we may assume φ(F ) ∈ Z for any fixed
component F . Hence φ(F ′)−φ(F ) ∈ Z for any two fixed components F and
F ′.
The isotropy submanifold MZk is a compact Hamiltonian S1-manifold,
hence contains at least two fixed components. Consider the S1/Zk ≈ S
1
action on MZk , whose moment map is φ′ = φ/k. Since [ω|MZk ] is integral,
by the first paragraph, for any two fixed components F and F ′ on the same
connected component ofMZk , we have φ′(F ′)−φ′(F ) ∈ Z, i.e., φ(F
′)
k
− φ(F )
k
∈
Z. 
For a compact Hamiltonian S1-manifold, Tolman gives an inequality on
the index of a fixed point set component [17, Lemma 3.1]. We only state it
for the case of isolated fixed points:
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Lemma 2.3. Let the circle act on a compact symplectic manifold (M,ω)
with isolated fixed points and with moment map φ : M → R. Then for any
fixed point P , 2λP ≤ 2l, where l is the number of fixed points Q’s such that
φ(Q) < φ(P ).
For a compact Hamiltonian S1-manifold M with isolated fixed points,
using standard method in equivariant cohomology (see [7] and [18]), we have
the following general result on the basis of H∗
S1
(M ;Z) as an H∗(CP∞;Z)-
module.
Proposition 2.4. Let the circle act on a compact symplectic manifold (M,ω)
with moment map φ : M → R. Assume MS
1
consists of isolated points.
Then for each P ∈MS
1
with index 2λP , there exists a class αP ∈ H
2λP
S1
(M ;Z)
such that αP |P = Λ
−
P t
λP and αP |P ′ = 0 for any P
′ ∈ MS
1
with φ(P ′) ≤
φ(P ), where Λ−P is the product of the negative weights at P . Such classes
αP ’s with P ∈M
S1 form a basis for H∗
S1
(M ;Z) as an H∗(CP∞;Z)-module.
The projection pi : S∞×S1M → CP
∞ induces a natural push forward map
pi∗ : H
∗
S1
(M ;Q)→ H∗(CP∞;Q), which is given by “integration over the fiber
M”, denoted
∫
M
. We have the following theorem due to Atiyah-Bott, and
Berline-Vergne [1, 2].
Theorem 2.5. Let the circle act on a compact oriented manifold M . As-
sume the fixed points are isolated. Fix a class α ∈ H∗
S1
(M ;Q). Then as
elements of Q(t), ∫
M
α =
∑
P⊂MS1
α|P
eS1(NP )
,
where the sum is over all the fixed points, and eS
1
(NP ) is the equivariant
Euler class of the normal bundle to P .
When we use equivariant cohomology, we often use the following nota-
tions. For convenience, we list them here, not repeating their meanings
each time we use them. Let Pi be an isolated fixed point for a symplectic
S1-action, where i belongs to some index set. Then
• Γi denotes the sum of the weights of the S
1-action on the normal
bundle to Pi,
• Λi denotes the product of the weights of the S
1-action on the normal
bundle to Pi,
• Λ−i denotes the product of the negative weights of the S
1-action on
the normal bundle to Pi,
• Λ+i denotes the product of the positive weights of the S
1-action on
the normal bundle to Pi.
Finally, we state a lemma which we will use in our proofs.
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Lemma 2.6. [17, Lemma 2.6] Let the circle act on a compact symplectic
manifold (M,ω). Let p and q be fixed points which lie on the same component
of MZk for some k > 1. Then the S1 weights at p and q are equal modulo
k.
3. when the action has minimal isolated fixed points
In this section, we consider the case when a compact Hamiltonian S1-
manifold has minimal isolated fixed points. We give examples, prove and
set up key basic things.
Example 3.1. Consider CPn. It naturally arises as a coadjoint orbit of
SU(n + 1), hence it has a Ka¨hler structure and a Hamiltonian SU(n + 1)
action. Consider the S1 ⊂ SU(n + 1) action on CPn given by
λ · [z0, z1, · · · , zn] = [λ
b0z0, λ
b1z1, · · · , λ
bnzn],
where the bi’s are mutually distinct integers. This action has n+ 1 isolated
fixed points, Pi = [0, · · · , 0, zi, 0, · · · , 0], where i = 0, 1, · · · , n. The moment
map values of the fixed points of the S1-action are φ(Pi) = bi, i = 0, 1, · · · , n.
The set of weights of the S1-action at any Pi is{
wij = φ(Pj)− φ(Pi)
}
j 6=i
.
As a ring, H∗(CPn;Z) = Z[x]/xn+1, where deg(x) = 2. The total Chern
class c(CPn) = (1 + x)n+1, in particular, c1(CP
n) = (n+ 1)x.
Example 3.2. Let G˜2(R
n+2) be the Grassmanian of oriented 2-planes in
Rn+2, with n ≥ 3 odd. It naturally arises as a coadjoint orbit of SO(n +
2), hence it has a Ka¨hler structure and a Hamiltonian SO(n + 2) action.
Consider the S1 ⊂ SO(n+2) action on G˜2(R
n+2) induced by the S1-action
on Rn+2 = R× C
n+1
2 given by
λ ·
(
t, z0, · · · , zn−1
2
)
=
(
t, λb0z0, · · · , λ
bn−1
2 zn−1
2
)
,
where the bi’s, with i ∈ {0, · · · ,
n−1
2 }, are mutually distinct non-zero inte-
gers. This action has n + 1 isolated fixed points, denoted P0, P1, · · · , and
Pn, where for each i ∈ {0, · · · ,
n−1
2 }, Pi and Pn−i are given by the plane
(0, · · · , 0, zi, 0, · · · , 0) respectively with two different orientations. The mo-
ment map values of the fixed points are respectively
φ(P0) = −b0, · · · , φ
(
Pn−1
2
)
= −bn−1
2
, φ
(
Pn+1
2
)
= bn+1
2
, · · · , φ(Pn) = b0,
assuming in the order of increasing. The set of weights of the S1-action at
any Pi, where i ∈ {0, 1, · · · , n}, is{
wij = φ(Pj)− φ(Pi)
}
j 6=i,n−i
∪
{
wi,n−i =
1
2
(
φ(Pn−i)− φ(Pi)
)}
.
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As a ring, H∗
(
G˜2(R
n+2);Z
)
= Z[x, y]/(x
n+1
2 − 2y, y2), where deg(x) = 2
and deg(y) = n + 1. The total Chern class c
(
G˜2(R
n+2)
)
= (1+x)
n+2
1+2x , in
particular, c1
(
G˜2(R
n+2)
)
= nx.
Next, we prove a key basic lemma for the case we are considering.
Lemma 3.3. Let the circle act on a compact 2n-dimensional symplectic
manifold (M,ω) with moment map φ : M → R. Assume MS
1
consists of
n + 1 isolated points, denoted MS
1
= {P0, P1, · · · , Pn}. Then the points in
MS
1
can be labelled so that Pi has Morse index 2i, and we have H
2i(M ;Z) =
Z and H2i−1(M ;Z) = 0 for all 0 ≤ i ≤ n. Moreover,
(3.4) φ(P0) < φ(P1) < · · · < φ(Pn).
Proof. Since M is compact and symplectic, 0 6= [ωi] ∈ H2i(M ;R), so
(3.5) dimH2i(M) ≥ 1, ∀ 0 ≤ 2i ≤ dim(M).
The moment map φ is a perfect Morse function. Since φ has n + 1 critical
points P0, P1, · · · , Pn, each of which has even index, they must respectively
have index 0, 2, · · · , and 2n to make (3.5) to hold. Moreover, by Morse
theory, the negative disk bundle of Pi is a 2i-cell for the CW-structure
of M given by the Morse flow for any invariant metric, and there are no
odd dimensional cells. By cellular cohomology theory, H2i(M ;Z) ∼= Z and
H2i+1(M ;Z) = 0 for all 0 ≤ i ≤ n. The inequality (3.4) follows from
Lemma 2.3. 
Remark 3.6. From now on, when we use the notationMS
1
= {P0, P1, · · · , Pn},
we mean that Pi is the fixed point of index 2i, for any 0 ≤ i ≤ n. We will
use this fact and (3.4) so frequently as not to refer to Lemma 3.3.
By Proposition 2.4, for the case we consider, we get a basis of H∗
S1
(M ;Z)
as follows. Moreover, since H∗(MS
1
;Z) has no torsion, we have H∗(M ;Z) =
H∗
S1
(M ;Z)/(t) (Sec. 2 of [13]), hence the restriction of a basis of H∗
S1
(M ;Z)
to ordinary cohomology is a basis of H∗(M ;Z).
Proposition 3.7. Let the circle act on a compact 2n-dimensional sym-
plectic manifold (M,ω) with moment map φ : M → R. Assume MS
1
=
{P0, P1, · · · , Pn}. Then as an H
∗(CP∞;Z)-module, H∗
S1
(M ;Z) has a basis{
α˜i ∈ H
2i
S1
(M ;Z) | 0 ≤ i ≤ n
}
such that
α˜i|Pi = Λ
−
i t
i, and α˜i|Pj = 0, ∀ j < i.
Moreover,
{
αi = r(α˜i) ∈ H
2i(M ;Z) | 0 ≤ i ≤ n
}
is a basis for H∗(M ;Z),
where r : H∗
S1
(M ;Z)→ H∗(M ;Z) is the natural restriction.
A direct corollary of Proposition 3.7 is:
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Corollary 3.8. Let the circle act on a compact 2n-dimensional symplectic
manifold (M,ω) with moment map φ : M → R. AssumeMS
1
= {P0, P1, · · · , Pn}.
Let α˜ ∈ H2i
S1
(M ;Z) be a class such that α˜|Pj = 0 for all j < i. Then
α˜ = aiα˜i for some ai ∈ Z.
4. when the action has almost minimal isolated fixed points
In this section, we consider the case when a compact Hamiltonian S1-
manifold has almost minimal isolated fixed points. We give examples, prove
and set up key basic things.
Example 4.1. Let G˜2(R
n+2) be the Grassmanian of oriented 2-planes in
Rn+2, with n ≥ 2 even. This 2n-dimensional manifold naturally arises as a
coadjoint orbit of SO(n+ 2), hence it has a natural Ka¨hler structure and a
Hamiltonian SO(n+ 2) action.
Consider the S1 ⊂ SO(n + 2) action on G˜2(R
n+2) induced by the S1
action on Rn+2 = C
n+2
2 given by
λ ·
(
z0, z1, · · · , zn
2
)
=
(
λb0z0, λ
b1z1, · · · , λ
bn
2 zn
2
)
,
where the bi’s, with i = 0, 1, · · · ,
n
2 , are mutually distinct integers. This
action has n+ 2 isolated fixed points, denoted
P0, P1, · · · , Pn
2
−1, Pn
2
, P(n
2
)′ , Pn
2
+1, · · · , Pn,
where for each 0 ≤ i ≤ n2 , Pi and Pn−i are given by the plane (0, · · · , 0, zi, 0, · · · , 0)
respectively with two different orientations. Here, we use the convention
n− n2 = (
n
2 )
′. Let φ be the moment map of this S1-action. Then the φ(Pi)’s
are respectively
−b0, · · · , −bn
2
, bn
2
, · · · , b0,
assuming in the order of nondecreasing. Note that if bn
2
6= 0, then φ(Pn
2
) <
φ(P(n
2
)′), otherwise, φ(Pn
2
) = φ(P(n
2
)′). The set of weights of the S
1-action
at any Pi, where i ∈
{
0, · · · , n2 , (
n
2 )
′, · · · , n
}
, is{
wij = φ(Pj)− φ(Pi)
}
j 6=i,n−i
.
The ring H∗
(
G˜2(R
n+2);Z
)
is generated by x, y and z, where deg(x) = 2
and deg(y) = deg(z) = n. The relations are x
n
2 = y + z, xy = xz =
1
2x
n
2
+1, and y2 = z2 = 1+(−1)
n
2
2 x
n
2 y = 1+(−1)
n
2
2 x
n
2 z. The total Chern class
c
(
G˜2(R
n+2)
)
= (1+x)
n+2
1+2x , in particular, c1
(
G˜2(R
n+2)
)
= nx.
Next, we prove a key basic lemma.
Lemma 4.2. Let the circle act on a compact 2n-dimensional symplectic
manifold (M,ω) with moment map φ : M → R. Assume MS
1
consists of
n + 2 isolated points. Then n must be even, and we can denote MS
1
=
{P0, · · · , Pn
2
−1, Pn
2
, P(n
2
)′ , Pn
2
+1, · · · , Pn}, where the points can be labelled so
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that Pi has Morse index 2i for all i, and P(n
2
)′ has Morse index n. Moreover,
the cohomology groups of M are
Hk(M ;Z) =


Z, if k is even, 0 ≤ k ≤ 2n, and k 6= n,
Z⊕ Z, if k = n,
0, if k is odd,
and
(4.3) φ(P0) < · · · < φ(Pn
2
) ≤ φ(P(n
2
)′) < φ(Pn
2
+1) < · · · < φ(Pn).
Proof. Similar to the proof of Lemma 3.3, there is at least one fixed point,
namely Pi, of index 2i for each 0 ≤ 2i ≤ 2n, which contributes a copy of R
to H2i(M ;R). By assumption, there is a remaining fixed point, let 2k be its
Morse index. Since dimH2i(M) = dimH2n−2i(M) for all 0 ≤ 2i ≤ 2n by
Poincare´ duality, we must have 2k = 2n − 2k, which gives 2k = n, i.e., n is
even. We denote the remaining fixed point as P(n
2
)′ , which has Morse index
n. By Morse theory, M has a natural CW-structure, with cells given by the
negative disk bundles of the fixed points. By cellular cohomology theory,
the groups Hk(M ;Z) are as claimed.
By Lemma 2.3, φ(P0) < φ(P1) < · · · < φ(Pn
2
) ≤ φ(P(n
2
)′). Similarly,
using −φ, −φ(Pn) < −φ(Pn−1) < · · · < −φ(P(n
2
)′) ≤ −φ(Pn
2
). The two
inequalities give (4.3). 
Remark 4.4. From now on, when we use the notation
MS
1
=
{
P0, · · · , Pn
2
−1, Pn
2
, P(n
2
)′ , Pn2+1, · · · , Pn
}
,
we mean each point has the index as in Lemma 4.2, and these points satisfy
(4.3). We will use these facts tacitly.
Similar to the last section, we get a basis of the equivariant and ordinary
cohomology of the Hamiltonian S1-manifold we consider.
Proposition 4.5. Let (M,ω) be a compact 2n-dimensional Hamiltonian
S1-manifold with moment map φ : M → R. Assume
MS
1
=
{
P0, · · · , Pn
2
−1, Pn
2
, P(n
2
)′ , Pn
2
+1, · · · , Pn
}
.
Let I =
{
0, 1, · · · , n2 , (
n
2 )
′, · · · , n
}
. Then as an H∗(CP∞;Z)-module, H∗
S1
(M ;Z)
has a basis
{
α˜i | i ∈ I
}
such that for any i ∈ I,
α˜i|Pi = Λ
−
i t
i, α˜i|Pj = 0, ∀ Pj with index(Pj) ≤ index(Pi).
Moreover,
{
αi = r(α˜i) | i ∈ I
}
is a basis for H∗(M ;Z), where r : H∗
S1
(M ;Z)→
H∗(M ;Z) is the natural restriction.
Proof. By Proposition 2.4, we get the basis satisfying the other conditions
except the condition that α˜n
2
|P(n2 )′
= 0. If α˜n
2
|P(n2 )′
= aα˜(n
2
)′ |P(n2 )′
6= 0,
where a ∈ Z, then replace α˜n
2
by α˜n
2
− aα˜(n
2
)′ , still denoting it α˜n
2
. 
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Corollary 4.6. Let (M,ω) be a compact 2n-dimensional Hamiltonian S1-
manifold with moment map φ : M → R. Assume
MS
1
=
{
P0, · · · , Pn
2
−1, Pn
2
, P(n
2
)′ , Pn
2
+1, · · · , Pn
}
.
If α˜ ∈ H2k
S1
(M ;Z) is a class such that α˜|Pi = 0 for all Pi’s with φ(Pi) < a,
then
α˜ =
∑
i
aiα˜i,
where the sum is over the indices i’s such that φ(Pi) ≥ a and deg(α˜i) ≤ 2k,
and ai ∈ H
∗(CP∞;Z). Here, i ∈ I =
{
0, 1, · · · , n2 , (
n
2 )
′, · · · , n
}
.
5. c1(M) and the largest weight — the proofs of Theorems 1.1
and 1.4
In this section, first, for compact Hamiltonian S1-manifold (M,ω) with
isolated fixed points, we study the relation between c1(M) and the largest
weight of the S1-action at the fixed points. Then we use the results to prove
Theorems 1.1 and 1.4.
In a symplectic S1-manifold (M,ω) with isolated fixed points, if w > 0 is
a weight of the S1-action at a fixed point P , −w is a weight of the S1-action
at a fixed point Q, and P and Q are on the same connected component of
MZw , we say that there is a weight w from P to Q. When the signs of
w at P and at Q are clear, we will use these terminologies interchangeably:
there is a weight ±w between P and Q, or between Q and P , or ±w
is a weight between P and Q or between Q and P , or P has a weight
±w with Q.
It is known ([4], [8], [15]) that for a compact symplectic (or almost com-
plex) S1-manifold with isolated fixed points, ifW+ andW− are respectively
the set of positive weights and negative weights at all the fixed points, then
W− = −W+.
So if w is a weight at some fixed point, then −w is also a weight at some
fixed point. We will use this fact tacitly.
Lemma 5.1. Let the circle act on a compact symplectic manifold (M,ω)
with moment map φ : M → R. If c1(M) = k[ω], then for any two fixed point
set components F and F ′, we have ΓF − ΓF ′ = k
(
φ(F ′)− φ(F )
)
, where ΓF
and ΓF ′ are respectively the sums of the weights at F and F
′.
Proof. We have an equivariant extension cS
1
1 (M) = ku˜+a t of c1(M) = k[ω],
where a ∈ R. Let f ∈ F and f ′ ∈ F ′ be points. Then
cS
1
1 (M)|f = ΓF t = −kφ(F )t+ a t, and c
S1
1 (M)|f ′ = ΓF ′t = −kφ(F
′)t+ a t.
Subtracting the two equalities, we obtain the claim. 
Lemma 5.2. Let the circle act on a compact symplectic manifold (M,ω)
with moment map φ : M → R. Assume MS
1
consists of isolated points. Let
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P,Q ∈ MS
1
, and P 6= Q, where index(P ) = 2i and index(Q) = 2j with
i ≤ j. Assume there is a weight w from P to Q, −w is not a weight at P ,
−w has multiplicity 1 at Q, and w is the largest among the absolute values
of all the weights at P and Q. If c1(M) = k[ω], then j− i+1 = k
φ(Q)−φ(P )
w
.
Proof. Let
W−P =
{
a1, · · · , ai
}
and W+P =
{
b1, · · · , bn−i
}
be respectively the set of negative weights and positive weights at P , and
let
W−Q =
{
a′1, · · · , a
′
j
}
and W+Q =
{
b′1, · · · , b
′
n−j
}
be respectively the set of negative weights and positive weights atQ. Assume
bn−i = w ∈W
+
P , and a
′
j = −w ∈W
−
Q .
By Lemma 2.6,
(5.3) W−P ∪W
+
P =W
−
Q ∪W
+
Q mod w.
Since w is the largest among the absolute values of all the weights at P and
Q, −w does not occur at P and −w occurs once at Q, up to a reordering of
indices, (5.3) can only yield the following relations:
a1 = a
′
1, · · · , am = a
′
m, where m ≤ i when i < j and m < i when i = j,
b1 = b
′
1, · · · , bl = b
′
l, where l ≤ n− j when i < j and l < n− j when i = j,
am+1 = b
′
l+1 − w, · · · , ai = b
′
n−j −w,
bl+1 = a
′
m+1 + w, · · · , bn−i−1 = a
′
j−1 + w, and
bn−i = a
′
j + 2w,
where (i−m) + l = n− j. Hence
ΓP − ΓQ =
∑
ai +
∑
bi −
∑
a′i −
∑
b′i
= 2w − (i−m)w + (n− i− l − 1)w = (j − i+ 1)w.
Combining Lemma 5.1, we obtain the claim of the lemma. 
Lemma 5.4. Let the circle act on a compact symplectic manifold (M,ω)
with moment map φ : M → R. Assume MS
1
consists of isolated points. Let
w > 0 be the largest weight of the S1-action at the fixed points. Then there
are P,Q ∈MS
1
with φ(P ) < φ(Q), such that there is a weight w from P to
Q, −w is not a weight at P and −w has multiplicity 1 at Q.
Proof. Relative to the value of φ, choose the lowest fixed point P which has
a weight w. Then −w cannot be a weight at P . Suppose −w is a weight at
P , consider the connected component C of MZw containing P . Since w is
the largest weight on M , each weight at the fixed points in C is ±w. Since
P is of index at least 2 in C, C is compact symplectic, and S1-Hamiltonian
with moment map φ|C , C must contain a minimum for φ|C , a fixed point P
′
which has a lower moment map value and a positive weight w, contradicting
to the choice of P .
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Next, relative to the value of φ, choose a closest fixed point Q to P such
that−w is a weight at Q, and P and Q are on the same connected component
C of MZw . The moment map φ|C on C has a unique minimum (by the
connectivity theorems). Suppose φ(Q) ≤ φ(P ), then P is not the minimum
for φ|C on C, hence has a weight −w, contradicting to the first paragraph.
Hence φ(P ) < φ(Q). Suppose −w has multiplicity bigger than 1 at Q, then
in C, P is the minimum, Q has index at least 4; since C is symplectic, C
contains at least an index 2 fixed point Q′ with φ|C(P ) < φ|C(Q
′) < φ|C(Q)
(see Lemma 2.3), so −w is a weight at Q′, contradicting to the choice of
Q. 
Now we are ready to prove Theorem 1.1.
Proof of Theorem 1.1. First, since [ω] is integral, by Lemma 2.2, φ(Pi) −
φ(Pj) ∈ Z for any i and j, and if w is a weight between Pi and Pj , then
w |
(
φ(Pi)− φ(Pj)
)
. Let w > 0 be the largest weight on M . By Lemma 5.4,
there is a weight w from some Pi to some Pj with i < j.
By Lemma 3.3, H2(M ;Z) = Z, hence there exists k ∈ R such that
c1(M) = k[ω]. By Lemma 5.2, c1(M) = (n + 1)[ω] if and only if i = 0
and j = n, and w = φ(Pn) − φ(P0). Now assume c1(M) = n[ω]. We may
assume that n > 1 since if n = 1, then there are 2 fixed points, and it
corresponds to the last case. Since n ∤ (n+1), we have i = 0, j = n− 1 and
w = φ(Pn−1)−φ(P0), or i = 1, j = n and w = φ(Pn)−φ(P1), and both must
hold by symmetry. Conversely, if w = φ(Pn−1) − φ(P0) = φ(Pn) − φ(P1) is
the largest weight, then we can only have i = 0 and j = n− 1 or i = 1 and
j = n; and c1(M) = n[ω]. 
To prove Theorem 1.4, note that when dim(M) = 4, dimH2(M) is 2. In
this case, we need to choose [ω] suitably so that c1(M) is a multiple of [ω].
We consider this case separately as follows, at the same time, we obtain the
set of weights at the fixed points.
Lemma 5.5. Let the circle act on a compact 4-dimensional symplectic man-
ifold (M,ω) with moment map φ : M → R. Assume [ω] is an integral class
and MS
1
=
{
P0, P1, P1′ , P2
}
. Assume φ(P1′)−φ(P0) = φ(P2)−φ(P1) is the
largest weight of the S1-action at the fixed points. Then
(5.6) φ(P1)− φ(P0) = φ(P2)− φ(P1′),
and [ω] is primitive integral. Assume furthermore that [ω|S1 ] is primitive
integral, where S1 is an invariant gradient sphere (for any invariant metric)
from P1 to P0. Then the set of weights at any Pi is
(5.7)
{
wij = φ(Pj)− φ(Pi)
}
j 6=i, 2−i
,
where i, j ∈ {0, 1, 1′, 2}, and we use the convention 1 + 1′ = 2; moreover,
c1(M) = 2[ω].
Proof. The equality φ(P1′)− φ(P0) = φ(P2)− φ(P1) implies (5.6).
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If φ(P1) < φ(P1′), then w01′ = φ(P1′) − φ(P0) can only divide φ(P1′) −
φ(P0), hence is a weight between P0 and P1′ . If φ(P1) = φ(P1′), by Lemma 6.6,
each of P1 and P1′ has a weight with P0, hence w01′ is also a weight between
P0 and P1′ (not between P0 and P2). For any invariant metric, if S1′ is the
gradient sphere from P1′ to P0, then∫
S1′
[ω] =
φ(P1′)− φ(P0)
w01′
= 1.
This means that [ω|S1′ ] is primitive integral, hence [ω] is primitive integral.
By Lemma 6.6, P1 has a weight, say w, with P0. By assumption, [ω|S1 ] is
primitive integral, similar as above, we obtain that |w| = φ(P1)−φ(P0). We
denote w01 = φ(P1)−φ(P0). By Lemma 6.6, P1′ has a weight, say w1′2, with
P2. By Lemma 2.6, w01 = w1′2 mod w01′ , which, combining (5.6), implies
that w1′2 = w01 = φ(P2) − φ(P1′). We have proved (5.7) for P0 and P1′ .
Similar to the last paragraph, w12 = φ(P2) − φ(P1) is a weight between P1
and P2. Then we obtain (5.7) for P1 and P2.
Now consider the basis element α˜1 and α˜1′ of H
2
S1
(M ;Z) in Proposi-
tion 4.5. It is easy to check, by restricting the following equality to P0, P1
and P1′ , and using (5.7) for P1 and P1′ , that
u˜+ φ(P0)t = α˜1 + α˜1′ .
Restricting it to ordinary cohomology, we obtain [ω] = α1 + α1′ . Similarly,
we can check that
cS
1
1 (M) = 2α˜1 + 2α˜1′ + Γ0t.
Restricting this to ordinary cohomology, we obtain c1(M) = 2(α1+α1′). So
the claim c1(M) = 2[ω] follows. 
Proof of Theorem 1.4. If dim(M) > 4, by Lemma 4.2, H2(M ;Z) = Z. So
c1(M) = k[ω] for some k ∈ R. The proof of this case is the same as that of
Theorem 1.1.
Now consider dim(M) = 4. If c1(M) = 2[ω], then the same proof as that
of Theorem 1.1 gives that φ(P1′) − φ(P0) = φ(P2) − φ(P1) is the largest
weight. The converse is by Lemma 5.5. 
6. certain properties of the weights of the S1-action
In this section, we prove certain properties of the weights of the S1-action
at the fixed points. We will use these properties in the next sections. We
split the section into two parts. In the first part, we prove certain properties
for the general case when the S1-action has isolated fixed points; in the
second part, we prove certain properties for the case when the S1-action has
minimal or almost minimal isolated fixed points.
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6.1. When the action has isolated fixed points.
Lemma 6.1. Let the circle act on a compact symplectic manifold (M,ω)
with moment map φ : M → R. Assume [ω] is an integral class and MS
1
consists of isolated points. Assume for some P,Q ∈MS
1
with φ(P ) < φ(Q),
a > 0 is a weight from P to some (unknown) R1, b > 0 is a weight from
some (unknown) R2 to Q, where φ(R1), φ(R2) ∈
(
φ(P ), φ(Q)
)
, and
(6.2) a = −b+
(
φ(Q)− φ(P )
)
.
Then (as numbers)
(6.3) a = φ(R)− φ(P ) and − b = φ(R)− φ(Q), where R = R1 or R2.
Moreover, in any of the following 2 cases, the multiplicity m of such a and
−b satisfies 1 ≤ m ≤ r, where r is the number of fixed points in φ−1(φ(R)).
(1) If a ≥ 12
(
φ(Q) − φ(P )
)
, then the submanifold MZa has P as the
minimum.
(2) If b ≥ 12
(
φ(Q) − φ(P )
)
, then the submanifold MZb has Q as the
maximum.
Proof. Since a is a weight from P to R1, and b is a weight from R2 to Q, by
Lemma 2.2, there exist k, l ∈ N such that
ka = φ(R1)− φ(P ), and lb = φ(Q)− φ(R2).
Together with (6.2), we see that it is not possible that k ≥ 2 and l ≥ 2.
Hence k = 1 or l = 1 or k = l = 1, in either case, (6.3) follows.
Assume a ≥ 12
(
φ(Q)−φ(P )
)
. Since φ(R1) ∈
(
φ(P ), φ(Q)
)
, a only divides
φ(P ) − φ(R), hence a can only be a weight from P to a fixed point in
φ−1
(
φ(R)
)
. If a has multiplicity bigger than r, then in MZa , P is the
minimum, and there exists R′ ∈ φ−1
(
φ(R)
)
next to P such that there are two
weights a from P to R′, contradicting to the fact that MZa is a symplectic
manifold (may see Lemma 2.3). Hence the multiplicity m of a satisfies
1 ≤ m ≤ r. So does the multiplicity of b by (6.2). Similarly, the claim
follows in the case when b ≥ 12
(
φ(Q)− φ(P )
)
by looking at −φ. 
Remark 6.4. In Lemma 6.1, in (6.3), we do not claim that a is a weight
between P and R, and b is a weight between R and Q. By assumption, we
know at least one of them is true.
We will use the following result by Jang and Tolman.
Lemma 6.5. [5] Let the circle act on a closed 2n-dimensional almost com-
plex manifold with isolated fixed points. Let w be the smallest positive weight
that occurs at the fixed points on M . Then given any k ∈ {0, 1, ..., n − 1},
the number of times the weight −w occurs at fixed points of index 2k + 2 is
equal to the number of times the weight +w occurs at fixed points of index
2k.
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Next, we show that if P is an index 2 fixed point, and −w is the negative
weight at P , then −w is a weight between P and a fixed point with a lower
moment map value.
Lemma 6.6. Let the circle act on a compact symplectic manifold (M,ω)
with moment map φ : M → R. Assume MS
1
consists of isolated points. If
P ∈MS
1
is of index 2 and −w is the negative weight at P , then there exists
Q ∈ MS
1
with φ(Q) < φ(P ) such that w is a weight between Q and P .
Similarly, if P ′ is of coindex 2 and w′ is the positive weight at P ′, then there
exists Q′ ∈MS
1
with φ(Q′) > φ(P ′) such that w′ is a weight between P ′ and
Q′.
Proof. Let P ∈ MS
1
be of index 2 and −w be the negative weight at P .
The connected component C ofMZw containing P has P as an index 2 fixed
point. Since C is compact and symplectic, it contains a unique fixed point
Q as the minimum of φ|C , so φ(Q) < φ(P ). Since w is the smallest positive
weight on C, using Lemma 6.5 on C, we get that w is a positive weight at
Q. If w = 1, we regard C = M . The other claim follows similarly by using
−φ. 
A case with a stronger claim than that in Lemma 6.6 is as follows.
Lemma 6.7. Let the circle act on a compact 2n-dimensional symplectic
manifold (M,ω) with moment map φ : M → R. Assume [ω] is a primitive
integral class and MS
1
consists of isolated points. If P ∈MS
1
is the unique
index 2 point, then there is a weight w = φ(P ) − φ(Q) between the index
0 point Q ∈ MS
1
and P . Similarly, if P ′ ∈ MS
1
is the unique coindex 2
point, then there is a weight w′ = φ(Q′) − φ(P ′) between P ′ and the index
2n point Q′ ∈MS
1
.
Proof. Let −w be the negative weight at P . By Lemma 6.6, there is a
weight w from Q to P . We need to prove w = φ(P ) − φ(Q). Let M− =
{m ∈M |φ(m) ≤ φ(P )}. By Lemma 2.3, M− only contains two fixed points
P and Q. Since the other fixed points all have Morse index bigger than 2, the
restriction map H2(M ;Z) → H2(M−;Z) is an isomorphism. So [ω|M− ] is
primitive integral. Let S be the invariant gradient sphere (for any invariant
metric) from P to Q. Then M− is homotopy equivalent to S, so
φ(P )− φ(Q)
w
=
∫
S
ω = 1.
Here, the first equality is due to that S1 acts on S − {P,Q} with order w.
Hence w = φ(P )− φ(Q). We can similarly prove the other claim. 
Lemma 6.8. Let the circle act on a connected compact symplectic manifold
(M,ω) with moment map φ : M → R. Assume [ω] is an integral class and
MS
1
consists of isolated points. Let P be the minimum of φ, and P 6= Q ∈
MS
1
. Assume there is a weight a = φ(Q)−φ(P ) from P to Q. Then for any
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other weight a′ at P , which could be equal to a, there exists R ∈MS
1
−{P,Q}
such that a′ is a weight from P to R. A similar claim holds if P is the
maximum.
Proof. Any connected component C of MZa′ containing P (as the mini-
mum) contains at least an index 2 fixed point (since it is symplectic). By
Lemma 6.5, there exists an index 2 fixed point in C, say R, where R 6= P ,
such that a′ is a weight from P to R. We claim that R 6= Q. SupposeR = Q,
then by Lemma 2.2, a′|a, so index|C(R) ≥ index|C(P ) + 4, a contradiction.
We can similarly argue using −φ if P is the maximum. 
6.2. When the action has minimal or almost minimal isolated fixed
points.
First, we have a consequence of Lemma 6.8.
Lemma 6.9. Let the circle act on a compact 2n-dimensional symplectic
manifold (M,ω) with moment map φ : M → R. Assume [ω] is an integral
class and MS
1
= {P0, P1, · · · , Pn}. If
{
w0j = φ(Pj)− φ(P0) | 0 < j ≤ n
}
is
the set of weights at P0, then w0j is a weight from P0 to Pj for each j 6= 0.
Similar claim holds for the set of weights at Pn.
Proof. Since [ω] is integral, by Lemma 2.2, φ(Pj)− φ(Pi) ∈ Z for any i and
j; and for any j, if w0j is a weight from P0 to Pl, then w0j |
(
φ(Pl)− φ(P0)
)
.
Hence if some w0j >
1
2w0n, then w0j can only be a weight from P0 to Pj .
Now assume for a fixed i, each w0k with i < k ≤ n is a weight from P0
to Pk. Then by Lemma 6.8, w0i is a weight from P0 to some Pj with j ≤ i.
Since among such j, w0i only divides φ(Pi)−φ(P0), w0i is a weight from P0
to Pi. The claim follows by induction. 
We want to have a generalization of Lemma 6.9, Lemma 6.11 below. For
this, we first prove a lemma similar to Lemma 6.8.
Lemma 6.10. Let the circle act on a compact 2n-dimensional symplectic
manifold (M,ω) with moment map φ : M → R. Assume [ω] is an integral
class and MS
1
= {P0, P1, · · · , Pn}. For fixed i and j with i < j, assume
there is a weight wij = φ(Pj)− φ(Pi) from Pi to Pj , and for any 0 ≤ k < i,
there is precisely one weight wkl = φ(Pl)− φ(Pk) between Pk and Pl for any
0 ≤ l ≤ j with k 6= l. Then for any other positive weight w at Pi, which
could be equal to wij , there exists Pm with m > i and m 6= j such that w is
a weight from Pi to Pm. A similar claim holds if we consider −φ.
Proof. Since by assumption the negative weights at any fixed point Pk with
0 ≤ k ≤ i are already matched with some positive weights at such fixed
points, w is a weight from Pi to some Pm with m > i. So a connected
component C of MZw containing Pi contains at least one Pm with m > i.
Applying Lemma 6.5 on C, we get that w is a weight from Pi to some Pm with
index|C(Pm) = index|C(Pi)+2. Suppose m = j, then by Lemma 2.2, w|wij ,
so Pj has index at least 4 in C. The assumption implies that the number of
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fixed points in C below Pi determines the index of Pi in C. Note that Pk ∈ C
with k < i if and only if w|
(
φ(Pi)−φ(Pk)
)
if and only if w|
(
φ(Pj)−φ(Pk)
)
.
So if any Pk with k < i is contained in C, then it contributes to the index
of Pi and Pj by the same number, hence index|C(Pj) ≥ index|C(Pi) + 4, a
contradiction. Hence m 6= j. 
Using Lemma 6.10, similar to the proof of Lemma 6.9, we can prove the
following lemma.
Lemma 6.11. Let the circle act on a compact 2n-dimensional symplectic
manifold (M,ω) with moment map φ : M → R. Assume [ω] is an integral
class andMS
1
= {P0, P1, · · · , Pn}. For fixed i and j, assume
{
wik = φ(Pk)−
φ(Pi) | i < k ≤ j
}
is a subset of positive weights at Pi, where each wik is a
weight from Pi to some (unknown) Pl with i < l ≤ j; and for any 0 ≤ m < i,
there is precisely one weight wmr = φ(Pr) − φ(Pm) between Pm and Pr for
any 0 ≤ r ≤ j with r 6= m. Then wik is a weight from Pi to Pk for each k
with i < k ≤ j.
When the S1-action has minimal isolated fixed points, for the case when
the largest weight is φ(Pn−1) − φ(P1) = φ(Pn) − φ(P1), we will need the
following property.
Lemma 6.12. Let the circle act on a compact 2n-dimensional symplectic
manifold (M,ω) with moment map φ : M → R, where n ≥ 3 is odd. Assume
[ω] is an integral class and MS
1
= {P0, P1, · · · , Pn}. Assume for a fixed i
with 0 ≤ i ≤ n−12 , the set of weights at each Pk with k ≤ i and k ≥ n− i is{
wkj = φ(Pj)− φ(Pk)
}
j 6=k,n−k
∪
{
wk,n−k =
1
2
(
φ(Pn−k)− φ(Pk)
)}
,
and for each k < i and k > n − i, wkj is a weight between Pk and Pj for
each j 6= k. Then wij is a weight between Pi and Pj for each j 6= i, and
wn−i,j is a weight between Pn−i and Pj for each j 6= n− i.
Proof. First assume i = 0. Clearly w0n is a weight between P0 and Pn.
We claim that each w0j in the subset of weights {w0j}1≤j≤n−1 is a weight
between P0 and some Pl with 1 ≤ l ≤ n − 1. If the claim holds, then
Lemma 6.11 implies that each w0j in {w0j}1≤j≤n−1 is a weight between P0
and Pj. First, by Lemma 6.7, w01 is a weight between P0 and P1. Clearly, if
w0j >
1
2
(
φ(Pn)− φ(P0)
)
= w0n, then w0j can only be a weight between P0
and Pj . Now assume for some j with 1 < j ≤ n−1, w0j <
1
2
(
φ(Pn)−φ(P0)
)
is
the first one (from bigger ones) such that it can only be a weight between P0
and Pn, then w0j > 1 (since j > 1), and w0j |
(
φ(Pn)−φ(P0)
)
. By symmetry,
wn,n−j is a weight between Pn and P0. Since n ≥ 3 is odd, j 6= n − j. We
may assume j < n− j (since w0j < w0n). By Lemma 2.6,
{w0k}k 6=0 = {wnk}k 6=n mod w0j.
Among the equalities, one correspondence is w0,n−j = wnj mod w0j , which
implies that w0j |
(
φ(Pn−j) − φ(Pj)
)
which in turn implies that w0j |w0,n−j
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and w0j |wnj. So the connected component C of M
Zw0j containing P0 and
Pn also contains Pn−j and Pj, so index|C(Pn) ≥ index|C(P0) + 4. Since w0j
is the smallest positive weight on C, by Lemma 6.5, there is an index 2 fixed
point, say Pm, in C such that there is a weight w0j between P0 and Pm,
contradicting to that w0j has multiplicity 1 at P0 and that it can only be a
weight between P0 and Pn. Hence the claim of the lemma for i = 0 follows.
Similarly, the claim of the lemma for n− 0 = n follows.
For a fixed i with 0 < i ≤ n−12 , the assumption implies that for each
negative weight at Pi and for each positive weight wij at Pi with n − i <
j ≤ n, the claim of the lemma holds. Clearly, wi,n−i is a weight between
Pi and Pn−i, and none of wij with i + 1 ≤ j ≤ n − i − 1 can be a weight
between Pi and any Pk with k > n− i (since wki is the only one). We only
need to show that none of wij with i+1 ≤ j ≤ n− i−1 can only be a weight
between Pi and Pn−i, then the claim for each wij with i+1 ≤ j ≤ n− i− 1
will follow from Lemma 6.11. If wi,i+1 = 1, then by Lemma 6.5, there is
a weight −1 (of multiplicity 1) at Pi+1, so wi,i+1 = 1 is a weight between
Pi and Pi+1. If wij >
1
2
(
φ(Pn−i) − φ(Pi)
)
= wi,n−i, then wij can only be a
weight between Pi and Pj . Now assume for some first j (from bigger ones)
with i + 1 ≤ j ≤ n − i − 1, wij > 1 and wij < wi,n−i can only be a weight
between Pi and Pn−i. Then wij > 1 and wij|
(
φ(Pn−i) − φ(Pi)
)
. We may
assume j < n− j. By Lemma 2.6,
{wik}k 6=i = {wn−i,k}k 6=n−i mod wij.
Among the equalities, one correspondence is wi,n−j = wn−i,j mod wij,
which implies that wij |wi,n−j and wij |wn−i,j. So the connected compo-
nent C of MZwij containing Pi and Pn−i also contains Pn−j and Pj . The
assumption of the lemma implies that, if any Pk with k < i is contained
in C, then it contributues to the index of Pi and to the index of Pn−i
by the same number 2, hence index|C(Pn−i) ≥ index|C(Pi) + 4. In C, by
Lemma 6.5, there is a weight wij between Pi and some Pm, with m < n− i
and index|C(Pm) = index|C(Pi) + 2, contradicting to wij has multiplicity 1
at Pi and wij can only be a weight between Pi and Pn−i. 
The following lemma is for the case when the S1-action has almost mini-
mal isolated fixed points. Its proof is analogous to that of Lemma 6.12.
Lemma 6.13. Let the circle act on a compact 2n-dimensional symplectic
manifold (M,ω) with moment map φ : M → R, where n > 2 is even. Assume
[ω] is an integral class and MS
1
=
{
P0, · · · , Pn
2
−1, Pn
2
, P(n
2
)′ , Pn
2
+1 · · · , Pn
}
.
Assume for a fixed i with 0 ≤ i ≤ n2 , the set of weights at each Pk with k ≤ i
and k ≥ n− i is {
wkj = φ(Pj)− φ(Pk)
}
j 6=k,n−k
,
and for each k < i and k > n−i, wkj is a weight between Pk and Pj for each
j 6= k, n − k. Then wij is a weight between Pi and Pj for each j 6= i, n − i,
and wn−i,j is a weight between Pn−i and Pj for each j 6= n− i, i.
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7. The case of minimal isolated fixed points — from the
largest weight to the integral cohomology ring of M I
In this section, for the case when the action has minimal isolated fixed
points, assuming φ(Pn)−φ(P0) is a weight of the S
1-action at a fixed point,
we determine the integral cohomology ring of M , and show that it is iso-
morphic to that of CPn.
First, we obtain the sets of weights at P0 and Pn.
Lemma 7.1. Let the circle act on a compact 2n-dimensional symplectic
manifold (M,ω) with moment map φ : M → R. Assume [ω] is an integral
class and MS
1
= {P0, P1, · · · , Pn}. Assume w0n = φ(Pn)−φ(P0) is a weight
of the S1-action at a fixed point. Then the set of weights at P0 is
(7.2)
{
w0i = φ(Pi)− φ(P0)
}
0<i≤n
.
Similarly, the set of weights at Pn is
(7.3)
{
wni = φ(Pi)− φ(Pn)
}
0≤i<n
.
Moreover, there is a weight w0i between P0 and Pi for any i 6= 0, and there
is a weight −wni between Pi and Pn for any i 6= n.
Proof. Since w0n only divides φ(Pn)−φ(P0), it can only be a weight between
P0 and Pn. Moreover, it has multiplicity 1 (otherwise there would exist a
symplectic manifold of dimension at least 4 with only 2 fixed points P0 and
Pn).
Let
{
w¯0i | 1 ≤ i ≤ n
}
be the set of weights at P0, and
{
w¯ni | 0 ≤ i ≤ n−1
}
be the set of weights at Pn. By Lemma 6.8, each w¯0i 6= w0n is a weight
between P0 and some Pl, with 0 < l < n, and each w¯ni 6= wn0 is a weight
between Pn and some Pm, with 0 < m < n. By Lemma 2.6, for any
w¯0i 6= w0n, there exists a weight at Pn, namely w¯ni 6= wn0, such that
w¯0i = w¯ni mod w0n.
Since w0n is the strictly largest weight on M ,
(7.4) w¯0i = w¯ni + w0n.
By Lemma 6.1, there is k with 0 < k < n such that w¯0i = φ(Pk) − φ(P0)
and w¯ni = φ(Pk)− φ(Pn). We rename w¯0i as w0k, and w¯ni as wnk, i.e., we
denote
w0k = φ(Pk)− φ(P0) and wnk = φ(Pk)− φ(Pn).
Moreover, Lemma 6.1 also implies that w0k and wnk both have multiplicity
1. Since there are n number of weights at P0, and any weight is of the form
above with multiplicity 1, the set of weights at P0 must be as claimed in
(7.2). Similarly, the set of weights at Pn must be as claimed in (7.3).
The last claim follows from Lemma 6.9. 
Next, we will use Lemma 7.1 to determine the ring H∗(M ;Z).
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Lemma 7.5. Let the circle act on a compact 2n-dimensional symplectic
manifold (M,ω) with moment map φ : M → R. Assume [ω] is an inte-
gral class and MS
1
=
{
P0, P1, · · · , Pn
}
. Then the following conditions are
equivalent:
(1) H∗(M ;Z) = Z[x]/xn+1, where x = [ω].
(2) Λ−n =
∏n−1
j=0
(
φ(Pj)− φ(Pn)
)
.
Proof. By Lemma 2.1, we have
∏n−1
j=0
(
u˜+φ(Pj)t
)
|Pj = 0 for all j < n. Then
Corollary 3.8 gives
(7.6)
n−1∏
j=0
(
u˜+ φ(Pj)t
)
= anα˜n, with an ∈ Z.
Restricting (7.6) to Pn and using Proposition 3.7, we get
anΛ
−
n =
n−1∏
j=0
(
φ(Pj)− φ(Pn)
)
.
Restricting (7.6) to ordinary cohomology, we get the generator ofH2n(M ;Z):
αn =
1
an
[ω]n.
Hence (2) holds if and only if an = 1, and if and only if [ω]
n is a generator of
H2n(M ;Z). Together with the facts H2i(M ;Z) = Z and H2i−1(M ;Z) = 0
for all 0 ≤ i ≤ n in Lemma 3.3, the claim follows. 
Remark 7.7. The conditions in Lemma 7.5 are also equivalent to Λ−i =∏i−1
j=0
(
φ(Pj)−φ(Pi)
)
for ∀ i. The proof is by considering the class
∏i−1
j=0
(
u˜+
φ(Pj)t
)
similarly as above.
Using Lemmas 7.1 and 7.5, we obtain the ring H∗(M ;Z):
Proposition 7.8. Let the circle act on a compact 2n-dimensional symplectic
manifold (M,ω) with moment map φ : M → R. Assume [ω] is an integral
class and MS
1
=
{
P0, P1, · · · , Pn
}
. Assume w0n = φ(Pn)−φ(P0) is a weight
of the S1-action at a fixed point. Then the integral cohomology ring of M is
H∗(M ;Z) = Z[x]/xn+1, where x = [ω].
8. The case of minimal isolated fixed points — from the
largest weight to all the weights and to the total Chern
class of M I
In this section, for the case when the action has minimal isolated fixed
points, assuming φ(Pn)−φ(P0) is a weight of the S
1-action at a fixed point,
we determine the sets of weights of the action at all the fixed points, showing
that they are exactly as those in Example 3.1; moreover, we determine the
total Chern class of M , showing that it is isomorphic to that of CPn. For
the proof of these, we use Lemma 7.1, we do not use Proposition 7.8.
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First, we find the sets of weights at all the fixed points.
Proposition 8.1. Let the circle act on a compact 2n-dimensional symplectic
manifold (M,ω) with moment map φ : M → R. Assume [ω] is an integral
class and MS
1
=
{
P0, P1, · · · , Pn
}
. Assume w0n = φ(Pn)−φ(P0) is a weight
of the S1-action at a fixed point. Then the set of weights at any Pi is
(8.2)
{
wij = φ(Pj)− φ(Pi)
}
j 6=i
.
That is, the sets of weights at the fixed points are isomorphic to those of the
standard circle action on CPn as in Example 3.1.
Proof. First of all, by Lemma 7.1, the claim holds for P0 and Pn; moreover,
w0i is a weight between P0 and Pi for each i 6= 0.
We use induction. Assume for a fixed i, the claim (8.2) holds for all Pk’s
with k < i, and for each such k, there is a weight wkj = φ(Pj) − φ(Pk)
between Pk and Pj for any j 6= k. We will prove all these hold for k = i.
First, the inductive hypotheses imply that the set of negative weights at Pi
is
(8.3)
{
wij = φ(Pj)− φ(Pi)
}
0≤j<i
.
If Pi = Pn−1, then we are done. Otherwise, by Lemma 7.1, win = −wni > 1
is a weight between Pi and Pn. By Lemma 2.6,
(8.4) {weights at Pi} ={weights at Pn} mod win.
First, in (8.4), we have the correspondence
(8.5) wij = wnj + win, ∀ j with 0 ≤ j < i.
Next, the inductive hypothesis and Lemma 6.8 imply that each positive
weight at Pi other than win is a weight from Pi to some Pk with i < k < n
and hence is less than win. For each weight wnj at Pn with i < j < n, since
the negative weights at Pi already occured in (8.5), there can only exist a
positive weight at Pi, denoted wij, such that there is the correspondence in
(8.4):
wij = wnj + win, ∀ j with i < j < n,
which yields the subset of positive weights at Pi:
(8.6)
{
wij = φ(Pj)− φ(Pi)
}
i<j<n
.
Equations (8.3) and (8.6), and win give the claim (8.2) for Pi. By Lemma 6.11,
each wij in the set of positive weights {wij}i<j≤n is a weight between Pi and
Pj. Hence in the set of weights at Pi, (8.2), each wij is a weight between Pi
and Pj . 
Using Proposition 8.1, we can determine c(M):
Proposition 8.7. Let the circle act on a compact 2n-dimensional symplectic
manifold (M,ω) with moment map φ : M → R. Assume [ω] is an integral
class and MS
1
=
{
P0, P1, · · · , Pn
}
. Assume w0n = φ(Pn) − φ(P0) is a
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weight of the S1-action at a fixed point. Then the total Chern class of M is
c(M) = (1 + [ω])n+1, hence is isomorphic to c(CPn).
Proof. By the injectivity theorem ([7], [18]), the restriction map
H∗S1(M ;Z)→ H
∗
S1(M
S1 ;Z)
is injective for any Hamiltonian S1-manifold M with isolated fixed points.
Consider the class α =
∏
0≤j≤n
(
1+ u˜+φ(Pj)t
)
. By Proposition 8.1, we can
check that
α|Pi = c
S1(M)|Pi , ∀ 0 ≤ i ≤ n.
Hence cS
1
(M) =
∏
0≤j≤n
(
1 + u˜+ φ(Pj)t
)
. Restricting it to ordinary coho-
mology, we obtain our claim. 
9. The case of minimal isolated fixed points — from the
largest weight to the integral cohomology ring of M Π
In this section, for the case when the action has minimal isolated fixed
points, assuming φ(Pn−1) − φ(P0) = φ(Pn) − φ(P1) is the largest weight of
the S1-action at the fixed points, we determine the integral cohomology ring
of M , and show that it is isomorphic to that of G˜2(R
n+2) with n ≥ 3 odd.
We first find the sets of weights at P0 and Pn−1, similarly, at Pn and P1.
Lemma 9.1. Let the circle act on a compact 2n-dimensional symplectic
manifold (M,ω) with moment map φ : M → R. Assume [ω] is an integral
class andMS
1
= {P0, P1, · · · , Pn}. Assume φ(Pn−1)−φ(P0) = φ(Pn)−φ(P1)
is the largest weight of the S1-action at the fixed points. Then
(9.2) φ(Pn)− φ(Pn−1) = φ(P1)− φ(P0),
[ω] is primitive integral, and for i = 0, 1, n − 1, n, the set of weights at Pi
is {
wij = φ(Pj)− φ(Pi)
}
j 6=i,n−i
∪
{
wi,n−i =
1
2
(
φ(Pn−i)− φ(Pi)
)}
.
Proof. Since φ(Pn−1)− φ(P0) = φ(Pn)− φ(P1), (9.2) holds.
Let w0,n−1 = φ(Pn−1)−φ(P0). Since w0,n−1 only divides φ(Pn−1)−φ(P0),
w0,n−1 is a weight from P0 to Pn−1. It is easy to see that w0,n−1 is the strictly
largest weight between P0 and Pn−1. So there is a Zw0,n−1-isotropy sphere
S with poles P0 and Pn−1. Since∫
S
[ω] =
φ(Pn−1)− φ(P0)
w0,n−1
= 1,
[ω|S ] is primitive integral. Hence [ω] is primitive integral on M .
Let {w¯0i | i 6= 0} be the set of weights at P0 and {w¯n−1,i | i 6= n − 1} the
set of weights at Pn−1. Let
w¯0,n−1 = w0,n−1 and w¯n−1,0 = wn−1,0 = −w0,n−1.
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By Lemma 6.7, we may let
w¯01 = w01 = φ(P1)− φ(P0) and w¯n−1,n = wn−1,n = φ(Pn)− φ(Pn−1),
where w01 is a weight between P0 and P1, and wn−1,n is a weight between
Pn−1 and Pn.
By Lemma 2.6,
(9.3) {w¯0i | i 6= 0} = {w¯n−1,i | i 6= n− 1} mod w0,n−1.
For the positive weight w¯n−1,n at Pn−1, in (9.3), the correspondence can
only be
(9.4) w¯01 = w¯n−1,n + 0w0,n−1.
(which is the same as (9.2).) For each positive weight w¯0i at P0, with
i 6= 0, 1, n − 1, by (9.3) and (9.4), there exists a negative weight at Pn−1,
namely w¯n−1,i, with i 6= 0, n − 1, n, such that
(9.5) w¯0i = w¯n−1,i + w0,n−1.
By Lemma 6.8, each w¯0i in (9.5) is a weight between P0 and some Pm with
m 6= 0, 1, n − 1. Each −w¯n−1,i in (9.5) can only be a weight between some
Pl and Pn−1 with 1 ≤ l ≤ n− 2. We will discuss (9.5) in the following two
possibilities.
Case (1). Assume 2 ≤ m ≤ n − 2. Then by Lemma 6.1, there is a k with
1 ≤ k ≤ n− 2 such that
w¯0i = φ(Pk)− φ(P0) and w¯n−1,i = φ(Pk)− φ(Pn−1).
We rename w¯0i as w0k, and w¯n−1,i as wn−1,k, i.e.,
(9.6)
w0k = φ(Pk)−φ(P0) and wn−1,k = φ(Pk)−φ(Pn−1), where 1 ≤ k ≤ n− 2.
Case (2). Assume m = n, i.e., w¯0i in (9.5) is a weight between P0 and Pn.
By assumption, w¯0i < φ(Pn)− φ(P0). By Lemma 2.2, w¯0i|
(
φ(Pn)− φ(P0)
)
,
so
a w¯0i = φ(Pn)− φ(P0), for some a with 2 ≤ a ∈ N.
For the corresponding w¯n−1,i in (9.5), we have
b w¯n−1,i = φ(Pl)− φ(Pn−1), with 1 ≤ l ≤ n− 2 and b ∈ N.
Case (2a). Assume b = 1. We rename w¯n−1,i as wn−1,l, and the correspond-
ing w¯0i as w0l, i.e., we denote
w0l = φ(Pl)− φ(P0) and wn−1,l = φ(Pl)− φ(Pn−1) with 1 ≤ l ≤ n− 2,
where w0l is a weight between P0 and Pn, and −wn−1,l is a weight between
Pl and Pn−1.
Case (2b). Assume b ≥ 2. Since we also have a ≥ 2, for (9.5) to hold, the
only possibility is that a = 2, b = 2, and l = 1, i.e.,
w¯0i =
1
2
(
φ(Pn)− φ(P0)
)
and w¯n−1,i =
1
2
(
φ(P1)− φ(Pn−1)
)
.
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We rename w¯0i as w¯0n and w¯n−1,i as w¯n−1,1, i.e., we denote
(9.7) w¯0n =
1
2
(
φ(Pn)− φ(P0)
)
and w¯n−1,1 =
1
2
(
φ(P1)− φ(Pn−1)
)
.
Moreover, if it appears, each of w¯0n and w¯n−1,1 has multiplicity 1. In fact,
since w¯0n can only divide φ(Pn)− φ(P0), if w¯0n has multiplicity bigger than
1, then there exists an isotropy submanifold of dimension at least 4 with
only 2 fixed points P0 and Pn, a contradiction.
Claim 1: For 2 ≤ j ≤ n − 2, if wn−1,j = φ(Pj) − φ(Pn−1) 6= w¯n−1,1 is a
weight at Pn−1, then it has multiplicity 1.
Claim 2: wn−1,1 = φ(P1)− φ(Pn−1) cannot have multiplicity bigger than
1, and wn−1,1 and w¯n−1,1 cannot appear at the same time.
Claim 3: Case (2b) must occur.
Proof of Claim 1: If |wn−1,j| ≥
1
2w0,n−1, then wn−1,j can only be a weight
between Pn−1 and Pj . If taking into account (9.2), we see that M
Z|wn−1,j |
has Pn−1 as the maximum and Pj the next fixed point to Pn−1, hence
wn−1,j cannot have multiplicity bigger than 1 by Lemma 2.3 (applied to
−φ on M
Z|wn−1,j |). If |wn−1,j| <
1
2w0,n−1, then by Case (1) and Case (2a),
w0n 6= w0j >
1
2w0,n−1, so w0j can only be a weight between P0 and Pj , by
Lemma 6.1, wn−1,j (and w0j) has multiplicity 1.
Proof of Claim 2: Suppose wn−1,1 appears with multiplicity bigger than 1.
By Case (1) and Case (2a), wn−1,1 is a weight between Pn−1 and P1. Then
M
Z|wn−1,1| of dimension at least 4 either contains only two fixed points P1 and
Pn−1, or it contains 4 fixed points P0, P1, Pn−1 and Pn. The first case is not
possible. In the latter case, we have wn−1,1|w01, hence wn−1,1|w0,n−1, so in
M
Z|wn−1,1| , w0,n−1 is a weight between P0 and Pn−1, then Pn−1 has index at
least 6 (P1 has index 2), again not possible. Now suppose wn−1,1 and w¯n−1,1
both appear. By Case (2b), w¯n−1,1 is (also) a weight between Pn−1 and P1.
The same argument, by considering M
Z|w¯n−1,1| , gives a contradiction.
Proof of Claim 3: Suppose Case (2b) does not occur. Since there are
n − 1 number of negative weights at Pn−1, by Claims 1 and 2, the set of
weights at Pn−1 is {
wn−1,j = φ(Pj)− φ(Pn−1)
}
j 6=n−1
.
Similarly, by symmetry (or by using −φ), the set of weights at P1 is{
w1j = φ(Pj)− φ(P1)
}
j 6=1
.
Then Γ1−Γn−1 = (n+1)
(
φ(Pn−1)−φ(P1)
)
. This contradicts to Theorem 1.1
and Lemma 5.1.
By Claims 2 and 3, wn−1,1 = φ(P1)− φ(Pn−1) does not appear. We may
rename w¯0n as w0n and w¯n−1,1 as wn−1,1. Then the claims mean that the
set of weights at Pn−1 is as claimed in the lemma, and correspondingly, the
set of weights at P0 is as claimed. Similarly, the sets of weights at Pn and
at P1 are as claimed. 
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Lemma 9.8. Let the circle act on a compact 2n-dimensional symplectic
manifold (M,ω) with moment map φ : M → R. Assume [ω] is a primitive
integral class and MS
1
= {P0, P1, · · · , Pn}. Then the following two condi-
tions are equivalent:
(1) H∗(M ;Z) = Z(x, y)/
(
x
1
2
(n+1)− 2y, y2
)
, where n ≥ 3 is odd, x = [ω],
and deg(y) = n+ 1.
(2) Λ−n =
1
2
∏n−1
j=0
(
φ(Pj)− φ(Pn)
)
.
Proof. We proceed similarly as in the proof of Proposition 7.8. We get that
(2) holds if and only if 12 [ω]
n is a generator of H2n(M ;Z). So (1) implies (2).
Now we prove (2) implies (1). Since [ω] ∈ H2(M ;Z) is a generator, by the
facts H2i(M ;Z) = Z and H2i−1(M ;Z) = 0 for all 0 ≤ i ≤ n (Lemma 3.3),
and Poincare´ duality, the generators of the even degree integral cohomology
groups of M must be as follows:
1, [ω], [ω]2, · · · , [ω]
n−1
2 ,
1
2
[ω]
n+1
2 , · · · ,
1
2
[ω]n−1,
1
2
[ω]n.
So n ≥ 3 and is odd. Let x = [ω] and y = 12 [ω]
n+1
2 . We get the ring
H∗(M ;Z) as claimed. 
Remark 9.9. The conditions in Lemma 9.8 are also equivalent to: Λ−i =∏i−1
j=0
(
φ(Pj) − φ(Pi)
)
if i ≤ n−12 , and Λ
−
i =
1
2
∏i−1
j=0
(
φ(Pj) − φ(Pi)
)
if i ≥
n+1
2 . The proof is by considering the classes
∏i−1
j=0
(
u˜ + φ(Pj)t
)
for ∀ i.
Corollary 3.8 gives
i−1∏
j=0
(
u˜+ φ(Pj)t
)
= aiα˜i, where ai ∈ Z.
Restricting this to ordinary cohomology and to Pi, we can obtain what we
need.
Now with Lemmas 9.1 and 9.8, we obtain the ring H∗(M ;Z):
Proposition 9.10. Let the circle act on a compact 2n-dimensional symplec-
tic manifold (M,ω) with moment map φ : M → R. Assume [ω] is an integral
class andMS
1
= {P0, P1, · · · , Pn}. Assume φ(Pn−1)−φ(P0) = φ(Pn)−φ(P1)
is the largest weight of the S1-action at the fixed points. Then the integral
cohomology ring of M is
H∗(M ;Z) = Z(x, y)/
(
x
1
2
(n+1) − 2y, y2
)
,
where n ≥ 3 is odd, x = [ω], and deg(y) = n+ 1.
10. The case of minimal isolated fixed points — from the
largest weight to all the weights and to the total Chern
class of M Π
In this section, for the case when the action has minimal isolated fixed
points, assuming φ(Pn−1)−φ(P0) = φ(Pn)−φ(P1) is the largest weight of the
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action at the fixed points, we determine the sets of weights at all the fixed
points, showing that they are exactly as those in Example 3.2; moreover,
we find the total Chern class of M , showing that it is isomorphic to that of
G˜2(R
n+2) with n ≥ 3 odd. For the proof of these, we use Lemma 9.1, we
only use the fact n ≥ 3 is odd in Proposition 9.10.
First, we find the sets of weights at all the fixed points.
Proposition 10.1. Let the circle act on a compact 2n-dimensional sym-
plectic manifold (M,ω) with moment map φ : M → R. Assume MS
1
={
P0, P1, · · · , Pn
}
and [ω] is an integral class. Assume φ(Pn−1) − φ(P0) =
φ(Pn)−φ(P1) is the largest weight of the S
1-action at the fixed points. Then
the set of weights at any Pi is
(10.2)
{
wij = φ(Pj)− φ(Pi)
}
j 6=i,n−i
∪
{
wi,n−i =
1
2
(
φ(Pn−i)− φ(Pi)
)}
.
Moreover,
(10.3) φ(Pk)− φ(P0) = φ(Pn)− φ(Pn−k), ∀ 1 ≤ k ≤
n− 1
2
.
Hence the sets of weights are isomorphic to those of the standard circle
action on G˜2(R
n+2) as in Example 3.2.
Proof. First, by Lemma 9.1, the claim (10.2) holds for P0, Pn−1, Pn and P1,
and (10.3) holds for k = 1.
Note that by Proposition 9.10, n ≥ 3 is odd, so the number of fixed points
n+1 ≥ 4 is even. By Lemma 6.12, for i = 0, 1, n− 1, n, each wij is a weight
between Pi and Pj with j 6= i. We use induction. Fix i with 2 ≤ i ≤
n−1
2 .
Assume that for each k with 0 ≤ k < i, (10.2) holds for Pk and Pn−k, wkj is
a weight between Pk and Pj for each j 6= k, and wn−k,j is a weight between
Pn−k and Pj for each j 6= n− k, moreover, (10.3) holds for all 1 ≤ k ≤ i− 1.
We will prove all these hold if we replace k by i. The inductive hypotheses
implies that the set of negative weights at Pi is
(10.4)
{
wij = φ(Pj)− φ(Pi)
}
0≤j≤i−1
.
Since wni is a weight between Pn and Pi, by Lemma 2.6,
(10.5) {weights at Pi}={weights at Pn} mod win = −wni.
Note that in (10.5), we first have the equalities
(10.6) wij = wnj + win, ∀ j with 1 ≤ j ≤ i− 1.
The remaining negative weight wi0 at Pi, by symmetry, we may assume it
has absolute value less than win. All the remaining weights at Pn (other
than wni) also have absolute value less than win. Note that any positive
weight at Pi other than win can only be a weight from Pi to some Pj with
i < j < n (since any negative weight at any fixed point below Pi is already
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paired with a positive weight at a fixed point below Pi), so is less than win.
Considering all these facts, the remaining correspondences in (10.5) are
(10.7) wi0 = wn,n−i + 0win, and
(10.8)
wij = wnj+win if i+ 1 ≤ j ≤ n− 1 and j 6= n− i, and wi,n−i = wn0+win,
where for the known wnj with i + 1 ≤ j ≤ n − 1 and j 6= n − i, we denote
the corresponding weight at Pi as wij , and for the known wn0, we denote
the corresponding weight at Pi as wi,n−i. Equation (10.7) gives (10.3) for
k = i. From (10.8), we get the subset of positive weights at Pi:
(10.9){
wij = φ(Pj)− φ(Pi)
}
i+1≤j≤n−1,j 6=n−i
∪
{
wi,n−i =
1
2
(
φ(Pn−i)− φ(Pi)
)}
.
Here, we used (10.3) for k = i to get wi,n−i. Equations (10.4) and (10.9),
and win = −wni give the set of weights, claim (10.2) for Pi. Similarly, claim
(10.2) for Pn−i follows. Finally, by Lemma 6.12, each wij is a weight between
Pi and Pj , and each wn−i,j is a weight between Pn−i and Pj. 
Using Proposition 10.1, we obtain c(M):
Proposition 10.10. Let the circle act on a compact 2n-dimensional sym-
plectic manifold (M,ω) with moment map φ : M → R. Assume [ω] is an
integral class and MS
1
=
{
P0, P1, · · · , Pn
}
. Assume φ(Pn−1) − φ(P0) =
φ(Pn)−φ(P1) is the largest weight of the S
1-action at the fixed points. Then
the total Chern class of M is c(M) = (1+[ω])
n+2
1+2[ω] , hence is isomorphic to
c
(
G˜2(R
n+2)
)
.
Proof. Similar to the proof of Proposition 8.7, the restriction map
H∗S1(M ;Z)→ H
∗
S1(M
S1 ;Z)
is injective. Consider the class
α =
(
1 + u˜+ 12
(
φ(Pn) + φ(P0)
)
t
)∏
0≤j≤n
(
1 + u˜+ φ(Pj)t
)
1 +
(
u˜+ φ(P0)t
)
+
(
u˜+ φ(Pn)t
) .
By Proposition 10.1,
(
φ(P0)− φ(Pi)
)
+
(
φ(Pn) − φ(Pi)
)
= φ(Pn−i)− φ(Pi)
for all 0 ≤ i ≤ n. Using this, and Proposition 10.1, we can check that
α|Pi = c
S1(M)|Pi , ∀ 0 ≤ i ≤ n.
Hence cS
1
(M) = α. Restricting this to ordinary cohomology, we obtain our
claim. 
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11. The case of almost minimal isolated fixed points—from the
largest weight to all the weights
In this section, we consider the case when the action has almost minimal
isolated fixed points. Assuming φ(Pn−1) − φ(P0) = φ(Pn) − φ(P1) is the
largest weight of the S1-action at the fixed points, we find the sets of weights
at all the fixed points, showing that they are exactly as those in Example 4.1.
First, we find the sets of weights at P0, P1, Pn−1 and Pn.
Lemma 11.1. Let the circle act on a compact 2n-dimensional symplec-
tic manifold (M,ω) with moment map φ : M → R. Assume [ω] is an in-
tegral class and MS
1
=
{
P0, · · · , Pn
2
−1, Pn
2
, P(n
2
)′ , Pn
2
+1 · · · , Pn
}
. Assume
φ(Pn−1) − φ(P0) = φ(Pn) − φ(P1) is the largest weight of the S
1-action at
the fixed points. Then
(11.2) φ(P1)− φ(P0) = φ(Pn)− φ(Pn−1),
[ω] is primitive integral, and for i = 0, 1, n − 1, n, the set of weights at Pi
is {
wij = φ(Pj)− φ(Pi)
}
j 6=i,n−i
.
Proof. Lemma 5.5 gives the claims for n = 2. So we assume now n > 2.
The fact φ(Pn−1) − φ(P0) = φ(Pn) − φ(P1) implies (11.2). Let w0,n−1 =
φ(Pn−1) − φ(P0). Since w0,n−1 only divides φ(Pn−1) − φ(P0), w0,n−1 is a
weight between P0 and Pn−1.
For the following steps, we proceed similarly as in the proof of Lemma 9.1.
First we get that [ω] is primitive integral. Since n > 2, there is a unique index
2 fixed point P1 and a unique coindex 2 fixed point Pn−1; by Lemma 6.7,
w01 = φ(P1)− φ(P0) is a weight between P0 and P1, and wn−1,n = φ(Pn)−
φ(Pn−1) is a weight between Pn−1 and Pn. Then we use
{weights at P0} = {weights at Pn−1} mod w0,n−1
to get the possible cases: Case (1), Case (2a) and Case (2b) as in the
proof of Lemma 9.1, and we have 3 claims:
Claim 1: For j ∈
{
2, · · · , n2 , (
n
2 )
′, · · · , n−2
}
, if wn−1,j = φ(Pj)−φ(Pn−1) 6=
w¯n−1,1 appears as a weight at Pn−1, then it has multiplicity 1.
Claim 2: wn−1,1 = φ(P1)−φ(Pn−1) cannot appear with multiplicity bigger
than 1, and wn−1,1 and w¯n−1,1 =
1
2
(
φ(P1)− φ(Pn−1)
)
cannot appear at the
same time.
Claim 3: Neither wn−1,1 nor w¯n−1,1 can appear.
The proofs of Claims 1 and 2 are the same as in the proof of Lemma 9.1.
Now we prove Claim 3. First assume wn−1,1 appears. Then by Claim 2,
wn−1,1 has multiplicity 1 and w¯n−1,1 does not appear. Since there are n− 1
number of negative weights at Pn−1, and there are n number of fixed points
below Pn−1, by Claim 1, there exists one k ∈
{
2, · · · , n2 , (
n
2 )
′, · · · , n − 2
}
such that wn−1,k = φ(Pk)− φ(Pn−1) is not a weight at Pn−1. By symmetry,
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w1,n−k = φ(Pn−k) − φ(P1) is not a (positive) weight at P1. Then we can
write down the sets of weights at Pn−1 and P1, and compute
(11.3) Γ1 − Γn−1 6= n
(
φ(Pn−1)− φ(P1)
)
,
which contradicts to Lemma 5.1 and Theorem 1.4. Hence wn−1,1 does not
appear. Next, assume w¯n−1,1 appears, i.e., Case (2b) occurs. Then wn−1,1
does not appear. Similar to the above, we can write down the sets of weights
at Pn−1 and P1 as follows. The set of weights at Pn−1 is{
wn−1,j = φ(Pj)− φ(Pn−1)
}
j 6=1, n−1, k
∪ w¯n−1,1
for some k ∈
{
2, · · · , n2 , (
n
2 )
′, · · · , n−2
}
, and by symmetry the set of weights
at P1 is{
w1j = φ(Pj)− φ(P1)
}
j 6=1, n−1, n−k
∪ w¯1,n−1, where w¯1,n−1 = −w¯n−1,1.
Here we use the convention n − n2 = (
n
2 )
′. First assume φ(Pn
2
) < φ(P(n
2
)′).
Then we always have (11.3) (no matter what k is), which contradicts to
Lemma 5.1 and Theorem 1.4. Hence for the cases φ(Pn
2
) < φ(P(n
2
)′), w¯n−1,1
never occurs, i.e., Case (2b) never occurs, and by the 3 claims, the set of
weights at Pn−1 is as claimed in the lemma. Since the cases φ(Pn
2
) < φ(P(n
2
)′)
are generic, the set of weights at Pn−1 is as claimed. Correspondingly, the
set of weights at P0 is as claimed. Similarly, the sets of weights at P1 and
Pn are as claimed. 
Next, we find the sets of weights at all the fixed points.
Proposition 11.4. Let the circle act on a compact 2n-dimensional sym-
plectic manifold (M,ω) with moment map φ : M → R. Assume [ω] is an
integral class and MS
1
=
{
P0, · · · , Pn
2
−1, Pn
2
, P(n
2
)′ , Pn
2
+1 · · · , Pn
}
. Assume
φ(Pn−1) − φ(P0) = φ(Pn) − φ(P1) is the largest weight of the S
1-action at
the fixed points. Then the set of weights at any Pi is
(11.5)
{
wij = φ(Pj)− φ(Pi)
}
j 6=i,n−i
.
Moreover,
(11.6) φ(Pk)− φ(P0) = φ(Pn)− φ(Pn−k), for any k with 1 ≤ k ≤
n
2 .
Hence the sets of weights at the fixed points are isomorphic to those of the
standard circle action on G˜2(R
n+2), with n ≥ 2 even, as in Example 4.1.
Proof. Lemma 5.5 gives the results for n = 2. For n > 2, Lemma 11.1 gives
(11.5) for P0, Pn−1, Pn and P1, and (11.6) for k = 1. By Lemma 6.13, for
any i = 0, 1, n− 1, n, wij is a weight between Pi and Pj for each j 6= i, n− i.
The proof is similar to that of Proposition 10.1. We use induction. Fix
i with 2 ≤ i ≤ n2 . Assume that for each k with 0 ≤ k < i, (11.5) holds for
Pk and Pn−k, wkj is a weight between Pk and Pj for each j 6= k, n− k, and
wn−k,j is a weight between Pn−k and Pj for each j 6= n − k, k, moreover,
(11.6) holds for all 1 ≤ k ≤ i − 1. We need to prove all these hold if we
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replace k by i. Proceed similarly as in the proof of Proposition 10.1, and
use Lemma 6.13. 
12. The case of almost minimal isolated fixed points — from
weights to the integral cohomology ring and total Chern
class of M
In this section, for the case when the S1-action has almost minimal iso-
lated fixed points, using the weights of the S1-action at the fixed points,
we determine the integral cohomology ring and the total Chern class of the
manifold.
Lemma 12.1. Let the circle act on a compact 2n-dimensional symplectic
manifold (M,ω) with moment map φ : M → R. Assume [ω] is a primitive
integral class and MS
1
=
{
P0, · · · , Pn
2
−1, Pn
2
, P(n
2
)′ , Pn
2
+1 · · · , Pn
}
. Let x =
[ω]. Then the following conditions are equivalent:
(1) There exist classes y, z ∈ Hn(M ;Z) such that the generators of
H2i
(
M ;Z
)
with 0 ≤ 2i ≤ n are 1, x, · · · , x
n
2
−1, y and z, where
y + z = x
n
2 .
(2) For any i ∈
{
0, 1, 2, · · · , n2 , (
n
2 )
′
}
,
(12.2) Λ−i =
∏
index(Pj)<index(Pi)
(
φ(Pj)− φ(Pi)
)
.
(3) For any i ∈
{
n
2 , (
n
2 )
′, n2 + 1, · · · , n− 1, n
}
,
(12.3) Λ+i =
∏
index(Pj)>index(Pi)
(
φ(Pj)− φ(Pi)
)
.
Proof. Let us prove (1) and (2) are equivalent. Let {α˜i}i∈{0,1,··· ,n
2
,(n
2
)′,··· ,n}
be the basis of H∗
S1
(M ;Z) as an H∗(CP∞;Z)-module as in Proposition 4.5.
Let {αi}i∈{0,1,··· ,n
2
,(n
2
)′,··· ,n} be the restriction of the above basis to ordinary
cohomology.
First, consider 0 ≤ i < n2 . Since
∏
j<i
(
u˜ + φ(Pj)t
)
|Pj = 0 for all j < i,
where u˜ is the class in Lemma 2.1, by Corollary 4.6,
(12.4)
∏
j<i
(
u˜+ φ(Pj)t
)
= ai α˜i, where ai ∈ Z.
Restricting (12.4) to ordinary cohomology, we get
[ω]i = aiαi.
Restricting (12.4) to Pi, we get∏
j<i
(
φ(Pj)− φ(Pi)
)
= aiΛ
−
i .
Hence αi = [ω]
i if and only if (12.2) holds for i (with 0 ≤ i < n2 ).
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Similarly, by Corollary 4.6,
(12.5)
∏
j<n
2
(
u˜+ φ(Pj)t
)
= b α˜n
2
+ b′ α˜(n
2
)′ , where b, b
′ ∈ Z.
Restricting (12.5) to ordinary cohomology, we get
[ω]
n
2 = bαn
2
+ b′ α(n
2
)′ .
Restricting (12.5) respectively to Pn
2
and P(n
2
)′ , we get∏
j<n
2
(
φ(Pj)− φ(Pn
2
)
)
= bΛ−n
2
, and
∏
j<n
2
(
φ(Pj)− φ(P(n
2
)′)
)
= b′Λ−(n
2
)′ .
Hence [ω]
n
2 = αn
2
+ α(n
2
)′ if and only if (12.2) holds for i =
n
2 and (
n
2 )
′. We
take y = αn
2
and z = α(n
2
)′ .
Using −φ, we can get the Poincare´ dual classes y′ and z′ of the above y
and z. The existence of the new basis 1, x, · · · , x
n
2
−1, y′, z′ is equivalent to
(1), and by the same argument as above is equivalent to (3). 
Next, we aim to prove Proposition 12.10. As a preparation, we first prove
two technical lemmas.
Lemma 12.6. Let the circle act on a compact 2n-dimensional symplectic
manifold (M,ω) with moment map φ : M → R. Assume
MS
1
=
{
P0, · · · , Pn
2
−1, Pn
2
, P(n
2
)′ , Pn
2
+1 · · · , Pn
}
.
Then for any i ∈
{
(n2 )
′, n2 + 1, · · · , n− 1
}
,
(12.7) α˜i|Pi+1 = −
Λi+1
Λ+i
∏
j>i+1
φ(Pj)− φ(Pi)
φ(Pj)− φ(Pi+1)
ti.
Here, the α˜i’s are the classes in Proposition 4.5, and we use the convention
(n2 )
′ + 1 = n2 + 1 and t
(n
2
)′ = t
n
2 .
Proof. For any i ∈
{
(n2 )
′, n2 + 1, · · · , n− 1
}
, note that
deg
(
α˜i ·
∏
j>i+1
(
u˜+ φ(Pj)t
))
< 2n.
Using Theorem 2.5 to integrate this class on M , we get
0 =
α˜i|Pi ·
∏
j>i+1 (φ(Pj)− φ(Pi))
Λi
+
α˜i|Pi+1 ·
∏
j>i+1 (φ(Pj)− φ(Pi+1))
Λi+1
.
Solving this, we get (12.7). 
Lemma 12.8. Let the circle act on a compact 2n-dimensional symplectic
manifold (M,ω) with moment map φ : M → R. Assume [ω] is a primitive
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integral class and MS
1
=
{
P0, · · · , Pn
2
−1, Pn
2
, P(n
2
)′ , Pn
2
+1 · · · , Pn
}
. Then
for any i ∈
{
(n2 )
′, n2 + 1, · · · , n− 1
}
, [ω]αi = αi+1 if and only if
(12.9) α˜i|Pi+1 =
Λ−i+1
φ(Pi)− φ(Pi+1)
ti.
Here, the α˜i’s and αi’s are the classes in Proposition 4.5, and we use the
convention (n2 )
′ + 1 = n2 + 1 and t
(n
2
)′ = t
n
2 .
Proof. For any i ∈
{
(n2 )
′, n2 + 1, · · · , n− 1
}
, note that
deg
((
u˜+ φ(Pi)t
)
α˜i
)
= deg(α˜i+1), and((
u˜+ φ(Pi)t
)
α˜i
)
|Pj = 0, ∀ Pj with φ(Pj) < φ(Pi+1).
By Corollary 4.6,(
u˜+ φ(Pi)t
)
α˜i = ai+1α˜i+1, with ai+1 ∈ Z.
Restricting it respectively to ordinary cohomology and to Pi+1, we obtain
the claim. 
Proposition 12.10. Let the circle act on a compact 2n-dimensional sym-
plectic manifold (M,ω) with moment map φ : M → R. Assume [ω] is a
primitive integral class and MS
1
=
{
P0, · · · , Pn
2
−1, Pn
2
, P(n
2
)′ , Pn
2
+1 · · · , Pn
}
.
Let x = [ω]. Then the following conditions are equivalent:
(1) There exist classes y, z ∈ Hn(M ;Z) such that the generators of
H∗(M ;Z) are 1, x, · · · , x
n
2
−1, y, z, xy = xz = 12x
n
2
+1, x2y =
x2z = 12x
n
2
+2, · · · , x
n
2 y = x
n
2 z = 12x
n, where x
n
2 = y + z.
(2) Lemma 12.1 (2) holds, and for any i with n2 + 1 ≤ i ≤ n,
(12.11) Λ−i =
∏
index(Pj)<index(Pi)
(
φ(Pj)− φ(Pi)
)
(
φ(Pn
2
)− φ(Pi)
)
+
(
φ(P(n
2
)′)− φ(Pi)
) .
(3) Lemma 12.1 (3) holds, and for any i with 0 ≤ i ≤ n2 − 1,
(12.12) Λ+i =
∏
index(Pj)>index(Pi)
(
φ(Pj)− φ(Pi)
)
(
φ(Pn
2
)− φ(Pi)
)
+
(
φ(P(n
2
)′)− φ(Pi)
) .
Proof. Let {α˜i}i∈{0,1,··· ,n
2
,(n
2
)′,··· ,n} be the basis ofH
∗
S1
(M ;Z) as anH∗(CP∞;Z)-
module as in Proposition 4.5. Let {αi}i∈{0,1,··· ,n
2
,(n
2
)′,··· ,n} be the restriction
of the above basis to ordinary cohomology.
First, consider i = n2 + 1. Since deg
(∏
j≤n
2
(
u˜+ φ(Pj)t
))
= n+ 2, and∏
j≤n
2
(
u˜+ φ(Pj)t
)
|Pj = 0, ∀ j ≤
n
2
,
by Corollary 4.6,
(12.13)
∏
j≤n
2
(
u˜+ φ(Pj)t
)
= a(n
2
)′t α˜(n
2
)′ + bn
2
+1 α˜n
2
+1,
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where a(n
2
)′ , bn2+1 ∈ Z. Restricting (12.13) to ordinary cohomology, we get
[ω]
n
2
+1 = bn
2
+1αn
2
+1.
Restricting (12.13) to P(n
2
)′ , we get∏
j≤n
2
(
φ(Pj)− φ(P(n
2
)′)
)
= a(n
2
)′Λ
−
(n
2
)′ .
Restricting (12.13) to Pn
2
+1, we get∏
j≤n
2
(
φ(Pj)− φ(Pn
2
+1)
)
= a(n
2
)′ α˜(n
2
)′ |Pn
2 +1
+ bn
2
+1 Λ
−
n
2
+1.
Similarly, for any i ≥ n2 + 2, we can write
(12.14) ∏
1
2
index(Pj)< i−1
(u˜+ φ(Pj)t) = ai−1 t α˜i−1 + bi α˜i, where ai−1, bi ∈ Z.
Restricting (12.14) to ordinary cohomology, we get
[ω]i = biαi.
Restricting (12.14) to Pi−1, we get∏
1
2
index(Pj)< i−1
(φ(Pj)− φ(Pi−1)) = ai−1Λ
−
i−1.
Restricting (12.14) to Pi, we get∏
1
2
index(Pj)< i−1
(φ(Pj)− φ(Pi)) = ai−1α˜i−1|Pi + biΛ
−
i .
Let y = αn
2
and z = α(n
2
)′ . We argue below that (1) and (2) are equivalent.
Assume (1) holds. Then Lemma 12.1 (2) holds, bi = 2 for all
n
2+1 ≤ i ≤ n,
and (12.9) holds. Using (12.2), we can get a(n
2
)′ , then get Λ
−
n
2
+1. Inductively,
we can get ai−1, and then get Λ
−
i for all i ≥
n
2 + 2.
Conversely, assume (2) holds. Then by Lemma 12.1, we have the genera-
tors of H2i(M ;Z) for 0 ≤ 2i ≤ n as in (1) and x
n
2 = y+ z, and Lemma 12.1
(3) holds. By (12.7), we get that (12.9) holds. Then Lemma 12.8 implies
that xkz = αn
2
+k for all 1 ≤ k ≤
n
2 . Moreover, from the above equalities, we
can solve a(n
2
)′ and all ai−1, and then get bi = 2 for all
n
2 + 1 ≤ i ≤ n. Note
that xky+xkz = x
n
2
+k for all 1 ≤ k ≤ n2 . Hence x
ky = xkz = 12x
n
2
+k = αn
2
+k
are generators of Hn+2k(M ;Z) for all 1 ≤ k ≤ n2 .
Using −φ as a Morse function, we get the Poincare´ dual of the classes in
(1), they form a new basis (satisfying the same relations). The existence of
the new basis is equivalent to (1), and by the same arguments as above, is
equivalent to (3). 
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Lemma 12.15. Let the circle act on a 2n-dimensional compact symplec-
tic manifold (M,ω) with moment map φ : M → R. Assume [ω] is an in-
tegral class and MS
1
=
{
P0, · · · , Pn
2
−1, Pn
2
, P(n
2
)′ , Pn
2
+1 · · · , Pn
}
. Assume
φ(Pn−1) − φ(P0) = φ(Pn) − φ(P1) is the largest weight of the S
1-action at
the fixed points. Then Proposition 12.10 (1) holds. Moreover,
x
n
2 y = x
n
2 z = yz, y2 = z2 = 0, when dim(M) = 4m with m odd, and
x
n
2 y = x
n
2 z = y2 = z2, yz = 0, when dim(M) = 4m with m even.
Proof. By Proposition 11.4, Proposition 12.10 (2) (and (3)) holds. Hence
Proposition 12.10 (1) holds. It remains to determine the relations of y2, z2
and yz with the top degree generators. First, since x
n
2 = y + z, we have
x
n
2 y = y2 + yz and x
n
2 z = z2 + yz. Since x
n
2 y = x
n
2 z, we have y2 = z2.
Recall that y = αn
2
and z = α(n
2
)′ , where αn
2
and α(n
2
)′ are respectively
the restrictions of α˜n
2
and α˜(n
2
)′ to ordinary cohomology. For any k ≥
n
2 +1,
note that(
α˜n
2
·
∏
j∈{n
2
,n
2
+1, ··· , k−1}
(
u˜+ φ(Pj)t
))
|Pj = 0, ∀ Pj with φ(Pj) < φ(Pk).
By Corollary 4.6,
α˜n
2
·
∏
j∈{n
2
,n
2
+1, ··· , k−1}
(
u˜+ φ(Pj)t
)
= akα˜k, with ak ∈ Z.
By restricting it to ordinary cohomology, we see that ak = 1. Then restrict-
ing it to Pk, we get
α˜n
2
|Pk =
Λ−k∏
j∈{n
2
,n
2
+1, ··· , k−1}
(
φ(Pj)− φ(Pk)
) .
Similarly, we have
α˜(n
2
)′ |Pk =
Λ−k∏
j∈{(n
2
)′,n
2
+1, ··· , k−1}
(
φ(Pj)− φ(Pk)
) , ∀ k ≥ n
2
+ 1.
By Theorem 2.5,
∫
M
y2 =
∫
M
(
α˜n
2
)2
=
Λ−n
2
Λ−n
2
Λn
2
+
∑
k≥n
2
+1
(α˜n
2
)2|Pk
Λk
=
Λ−n
2
Λ+n
2
+
∑
k≥n
2
+1
(α˜n
2
)2|Pk
Λk
, and
∫
M
yz =
∫
M
α˜n
2
α˜(n
2
)′ =
∑
k≥n
2
+1
α˜n
2
|Pk · α˜(n2 )′ |Pk
Λk
.
Since these integrals are constants, we may assume
(12.16) φ(Pn
2
) = φ(P(n
2
)′).
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Then by the expressions above, α˜n
2
|Pk = α˜(n2 )′ |Pk , ∀ k ≥
n
2 + 1, and by
Proposition 11.4, Λ−n
2
= (−1)
n
2Λ+n
2
. These together give∫
M
y2 −
∫
M
yz = (−1)
n
2 .
While x
n
2 y = y2 + yz gives∫
M
y2 +
∫
M
yz =
∫
M
x
n
2 y = 1.
Hence ∫
M
y2 =
1 + (−1)
n
2
2
.

Lemma 12.15 immediately gives the ring H∗(M ;Z):
Proposition 12.17. Let the circle act on a 2n-dimensional compact sym-
plectic manifold (M,ω) with moment map φ : M → R. Assume [ω] is an
integral class and MS
1
=
{
P0, · · · , Pn
2
−1, Pn
2
, P(n
2
)′ , Pn2+1 · · · , Pn
}
. Assume
φ(Pn−1) − φ(P0) = φ(Pn) − φ(P1) is the largest weight of the S
1-action at
the fixed points. Then as rings, H∗(M ;Z) ∼= H∗
(
G˜2(R
n+2);Z
)
with n ≥ 2
even.
Finally, we use the weights in Proposition 11.4 to determine c(M).
Proposition 12.18. Let (M,ω) be a compact 2n-dimensional Hamiltonian
S1-manifold with moment map φ : M → R. Assume [ω] is an integral class
and MS
1
=
{
P0, · · · , Pn
2
−1, Pn
2
, P(n
2
)′ , Pn
2
+1, · · · , Pn
}
. Assume φ(Pn−1) −
φ(P0) = φ(Pn) − φ(P1) is the largest weight of the S
1-action at the fixed
points. Then the total Chern class of M is c(M) = (1+[ω])
n+2
1+2[ω] , hence is
isomorphic to c
(
G˜2(R
n+2)
)
.
Proof. Similar to the proof of Proposition 8.7, the restriction map
H∗S1(M ;Z)→ H
∗
S1(M
S1 ;Z)
is injective. Let I = {0, 1, · · · , n2 , (
n
2 )
′, · · · , n}. Consider the class
α =
∏
j∈I
(
1 + u˜+ φ(Pj)t
)
1 +
(
u˜+ φ(P0)t
)
+
(
u˜+ φ(Pn)t
) .
By Proposition 11.4,
(
φ(P0)− φ(Pi)
)
+
(
φ(Pn) − φ(Pi)
)
= φ(Pn−i)− φ(Pi)
for all i ∈ I. Using this, and Proposition 11.4, we can check that
α|Pi = c
S1(M)|Pi , ∀ i ∈ I.
Hence cS
1
(M) = α. Restricting this to ordinary cohomology, we obtain our
claim. 
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